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Abstract

Modelling and Simulation of Large Scale Distributed Parameter Systems

by

Issam Sullivan Strub-Brahimi

Doctor of Philosophy in Engineering Science - Civil and Environmental Engineering

University of California, Berkeley

Professor A. M. Bayen, Chair

The research presented in this dissertation is motivated by the need for modelling, simulation and

optimisation of large scale distributed parameter systems, namely rivers and highways.

The problem of state estimation for two-dimensional river flows is investigated using a novel al-

gorithm for two-dimensional Lagrangian data assimilation of shallow water flows and floating sensors. This

algorithm is based on a quadratic programming formulation with the linearised two-dimensional shallow

water equations used as constraints. It is compared in computer-based twin experiments with an ensemble

Kalman filtering algorithm, and the performance of the two algorithms is evaluated in a number of settings.

The sensitivity of the two data assimilation algorithms to the number of drifters, low or high discharge and

time sampling frequency is analysed and the respective computational costs of each method compared. One

of the conclusion is that the quadratic programming based algorithm introduced by the author presents a good

balance of accuracy and low computational cost. The quadratic programming based algorithm is also applied

to experimental drifter data collected during field experiments.

Another problem is the estimation of open boundary conditions in situations in which tidal forc-

ing is dominant. A quadratic programming based variational data assimilation algorithm is applied to the

estimation of open boundary conditions for tidal flows using one-dimensional shallow water equations and
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floating sensors. This algorithm is evaluated in computer generated experiments both with and without tidal

reversion. The experiments show that during the period of time that observations are available, the inverse

model is able to effectively estimate the harmonic constants and reproduce the flows.

The final part of the dissertation deals highway traffic modelling. We prove the existence and

uniqueness of a weak solution to a scalar conservation law on a bounded domain through the introduction

of a weak formulation of the boundary conditions. This result is applied to the Lighthill-Whitham-Richards

model and discretised using a Godunov scheme. This numerical scheme is validated through a comparison

with experimentally measured data. Finally, the existence of a minimiser of travel time is obtained, with

corresponding optimal boundary control.

Professor A. M. Bayen
Dissertation Committee Chair
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Chapter 1

Introduction

1.1 Motivation

Distributed parameter systems can be found in many aspects of life such as biology [5], economics,

environmental sciences [147], transportation [18, 146, 149], etc. In order to analyse, estimate, forecast and in

some cases control the evolution of such systems, models typically based on ordinary or partial differential

equations have been developed and used in the past. A model can be defined as a representation of a system,

intended to facilitate understanding of the interactions of the elements of the system and its evolution as

a whole. The extent to which a model helps in the development of our understanding of a system is the

basis for deciding how good the model is. Most models describe a simplified version of the actual system

in mathematical terms, hence there is a trade-off between the level of detail included in the model and its

complexity. If too little detail is included, important aspects of the system may be missed whereas an excess

of detail would render the model too complicated and causing it to become an obstacle to the understanding of

the system or even its computational tractability. A simulation intends to describe the evolution of a system

over time and space by algorithmic manipulations of the model usually done through a computer. Once a

simulation is run (usually on a simplified test case), the resulting predicted evolution of the system can be

compared with the observed evolution of the actual system in order to evaluate the accuracy of the model. If
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the agreement between the simulated and observed evolution is not deemed satisfactory, the model is modified

accordingly and a new simulation is run; this cycle can be repeated until the model gives a representation of

the system with the desired accuracy. Note that as part of this process, model calibration i.e. tuning of

parameters plays a essential role. In this thesis, the development and improvement of models and simulations

are studied in the context of environmental (rivers) and transportation (highways) systems. In some cases,

methods have been developed with the objective of improving the model directly from the observed data;

these methods fall into the field of inverse modelling and make up a large part of this dissertation.

1.2 Contributions of the thesis

The theoretical contributions of this thesis include:

• Development of a novel quadratic programming based algorithm for Lagrangian river state estimation.

The application of quadratic programming to this problem was previously unknown, and enables the

incorporation of unknown initial conditions as part of the search space.

• Development of a novel quadratic programming based algorithm for Lagrangian tidal flow estimation.

This algorithm estimates tidally driven upstream boundary conditions continuously over an extended

period of time (50 hours or more).

• Development of three numerical schemes for two dimensional linearised shallow water equations.

These numerical schemes are a key part of the aforementioned algorithm for river state estimation.

• Development of a numerical scheme for non-orthogonal curvilinear coordinates. This allows the im-

plementation of the state estimation algorithm to any river, irrespective of its geometry.

• Proof of existence and uniqueness of weak solutions for scalar conservations laws on a bounded do-

main. This defines a weak formulation of boundary conditions that makes the Lighthill-Whitham-

Richards traffic flow model well posed.
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• Development of a numerical scheme for the simulation of highway traffic flow, proof of convergence

of the scheme.

• Development of a boundary control method for scalar conservation laws and application to highway

congestion mitigation. This yields a strategy for congestion reduction based on ramp metering.

The implementations and numerical work presented in this thesis include:

• Implementation of these schemes for the river state assimilation algorithm.

• Implementation of the Preissmann scheme for tidal flow estimation.

• Data processing: Bathymetry and boundary conditions collection for the Sacramento River (eight years

of hourly data).

• Twin experiments and comparisons between the quadratic programming and the ensemble Kalman

filtering based river state assimilation algorithms in different settings.

• Implementation of the quadratic programming based river state assimilation algorithm on data collected

from field experiments.

• Twin experiments for the tidal flow estimation algorithm.

• Boundary conditions collection, implementation of a numerical scheme, simulation and validation for

highway traffic flow. These results show that the Lighthill-Whitham-Richards model can reproduce

highway traffic flow accurately.

1.3 Organisation of this work

The thesis is organised as follows. Chapter 2 presents the quadratic programming based state as-

similation algorithm as well as other existing data assimilation methods and compares the new algorithm with

the ensemble Kalman filtering (EnKF) method on both computer simulated twin experiments and experimen-

tal data collected on the Sacramento River. In chapter 3, another quadratic programming based algorithm is
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introduced for the estimation of tidally induced boundary conditions and its efficiency analysed through twin

experiments. In chapter 4, we turn to the field of highway traffic, beginning with a proof of existence and

uniqueness result for scalar conservation laws and then developing a numerical scheme for the simulation of

highway traffic flow which is evaluated by comparison with experimentally measured data. The concluding

chapter 5 summarises the work presented in this thesis. The research on two-dimensional river state estima-

tion presented in chapter 2 was published in journal article [148] and the part dealing with experimental data

is part of journal article [155]. The research on inverse modelling of tidal flows from chapter 3 was published

in journal article [147]. The work on highway traffic modelling from chapter 4 was published in journal

article [146].
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Chapter 2

State assimilation for river flows

2.1 Introduction

The modelling and monitoring of river hydraulics are increasingly important as they provide drink-

able water for populations as well as irrigation for a variety of crops. These flows are usually modelled using

the shallow water equations, whether in a one or two dimensional formulation [32]. In this approximation,

the flow is assumed to be nearly horizontal and the water column well-mixed. Since these models are an ap-

proximation of the flow, they are bound to gradually drift away from the physical phenomenon and a realistic

modelling requires the use of experimental measurements to keep the model accurate with respect to the actual

flow. This constitutes the main objective of data assimilation, a technique which originated several decades

ago in the fields of meteorology and oceanography [11, 97]. A first example of data assimilation can be found

in the prediction by Gauss in [53] of the reappearance of Ceres, a planetoid which had disappeared behind

the Sun in 1801, only to reappear a year later. The orbit of this planetoid was predicted using assumptions of

a circular orbit as well as observations, all of which were combined with the help of the least squares method;

the result was the Gauss was able not only to predict the timing of this event but also to direct astronomers to

the exact location of its reappearance. Over the years, a number of different techniques have been introduced,

some of which rely on variational methods [120, 123] while others use Kalman filtering and its extensions
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[47, 94], optimal statistical interpolation [117], or more empirical techniques such as Newtonian relaxation

[81, 127]. A few introductions to data assimilation can be found in [19, 20, 23, 77, 105, 116, 152]. In this

chapter, this technique will be applied to river flows in order to estimate the river state at any time instant

(starting from the initial state). This is the first time that this technique is applied to the specific setting of

rivers, with the unknown being the initial state.

2.2 Shallow water equations

2.2.1 Derivation of the shallow water equations

We consider the flow of water with a free surface under gravity in a three-dimensional domain. The

bed elevation is represented by a function z = b(x, y). The water depth is h(x, y, t) which yields the free

surface s(x, y, t) = b(x, y) + h(x, y, t). The velocity field is denoted by V = (u, v, w). The conservation of

mass and momentum equations for a compressible fluid are given by:

ρt +∇ · (ρV) = 0 (2.1)

∂(ρV)
∂t

+∇ · (ρV ⊗V + pI−Π)− ρg = 0 (2.2)

where ρ and p denote the density and pressure, g = (g1, g2, g3) is a body force vector and Π is the viscous

stress tensor defined by:

Π =


τxx τxy τxz

τyx τyy τyz

τzx τzy τzz


Expressing the preceding equations in terms of the primitive variables, we obtain the set of equations:

ρt + uρx + vρy + wρz + ρ(ux + vy + wz) = 0 (2.3)

ut + uux + vuy + wuz +
1
ρ
px −

1
ρ

(τxxx + τxyy + τxzz ) = g1 (2.4)

vt + uvx + vvy + wvz +
1
ρ
py −

1
ρ

(τyxx + τyyy + τyzz ) = g2 (2.5)

wt + uwx + vwy + wwz +
1
ρ
pz −

1
ρ

(τzxx + τzyy + τzzz ) = g3 (2.6)
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In the case of open channel flow, the body force vector is g = (0, 0,−g) where g is the acceleration of gravity,

and the fluid being incompressible, the density ρ is assumed to be uniform. The preceding equations thus

simplify to:

ux + vy + wz = 0 (2.7)

ut + uux + vuy + wuz +
1
ρ
px −

1
ρ

(τxxx + τxyy + τxzz ) = 0 (2.8)

vt + uvx + vvy + wvz +
1
ρ
py −

1
ρ

(τyxx + τyyy + τyzz ) = 0 (2.9)

wt + uwx + vwy + wwz +
1
ρ
pz −

1
ρ

(τzxx + τzyy + τzzz ) = −g (2.10)

In the approximation of a nearly horizontal (or shallow) flow, the vertical component of the acceleration

dw
dt = wt + uwx + vwy + wwz is negligible and the z component of the conservation of momentum is

reduced to the hydrostatics law: pz = −ρg. After assuming the atmospheric pressure is zero on the free

surface, and integrating the continuity equation on the height of water, we obtain the two-dimensional shallow

water equations [32, 156, 162]. In our case, we also neglect additional terms such as Coriolis forces and wind

forces:

ut + uux + vuy + ghx + gbx − fx = 0 (2.11)

vt + uvx + vvy + ghy + gby − fy = 0 (2.12)

ht + uhx + vhy + hux + hvy = 0 (2.13)

where (fx, fy) denote the viscous forces.

2.2.2 Initial and boundary conditions

For the two-dimensional shallow water equations, the correct number of boundary conditions can

be found using the theory of characteristics. Depending on whether the flow at a given open boundary if sub-

or supercritical and whether this is an inflow or outflow boundary (which is given by the sign of the normal

velocity at the boundary), from zero to three boundary conditions have to be prescribed at each boundary

[161, 162]. In this thesis, the flow considered are always subcritical (Fr = U√
gh

< 1) on the entire domain;
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therefore two boundary conditions are required at the upstream boundary (inflow) and one at the downstream

boundary (outflow). Upstream, we specify the water level and the normal and tangential components of

velocity, the normal component being set equal to zero and the downstream boundary condition is given by

the water level. For land boundaries, one boundary condition is needed. We set the normal velocity to zero

and depending on the presence of a second order viscosity term in the shallow water model used, a viscous

boundary layer may occur and a no slip condition is used.

If we call Γu, Γd and Γl the upstream, downstream and land boundaries, and (uN, uT) the normal

and tangent velocity vectors, the boundary conditions can be written as:
h(x, y, t) = hu(x, y, t), uN(x, y, t) = uu(x, y, t), uT(x, y, t) = 0, (x, y) ∈ Γu

h(x, y, t) = hd(x, y, t), (x, y) ∈ Γd

uN(x, y, t) = 0, uT(x, y, t) = 0 (x, y) ∈ Γl

(2.14)

where hu(x, y, t), uu(x, y, t) and hd(x, y, t) are prescribed. Additionally, the initial distribution of water

level and velocity is specified for the entire domain.

2.3 Data assimilation methods

Data assimilation methods can be divided into two types (see [23] for a detailed presentation of most

existing methods). Sequential methods rely on statistics to improve the model prediction as new observations

are gathered. The most common sequential methods are optimal interpolation and Kalman filtering and its

variations such as extended Kalman filtering and ensemble Kalman filtering. The object of optimal interpola-

tion is to find an optimal state in the form of a linear combination of observations and model predicted states

which minimises the variance of the estimation error. This solution is called Best Linear Unbiased Estimator

(BLUE). More details about optimal interpolation can be found in [41, 42, 106, 110, 117, 129]. When this

method is extended to a time varying setting, we obtain the Kalman filter [51, 52, 58, 60, 61, 64, 86, 88, 159].

A later evolution of this method, the ensemble Kalman filter (EnKF) [47] will be presented later in this

section.
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Unlike sequential methods, variational methods [97, 102, 108, 118, 123, 140, 151, 154] use all

the observations available up to the end of the period considered and minimise a cost function containing

both modelled and observed variables. Two algorithms of variational data assimilation will be presented,

one relying on the adjoint method and the other on quadratic programming. Another possibility consists in

expressing the model equations (in our case the shallow water equations) in Lagrangian coordinates which

allows us to directly assimilate Lagrangian drifter positions [113, 114, 115].

2.3.1 Notations

We start this section by defining all the variables which will appear in the following. We employ

the traditional notations of variational data assimilation, set forth in [78].

Xn : vector of state variables, namely the velocity components (u, v) and the water height h for each mesh

point at a time instant tn,

X0 : initial state of the system, which respect to which the minimisation is done,

Xb : background term of the same size as X0, which is introduced to ensure that the problem is well-posed

and has a unique minimum,

Yn : vector of observed variables, namely the velocity components (u, v) and (potentially) the water height

h for some mesh points at a time instant tn,

B : covariance matrix of the background error (difference between the value of the state variables and

background variables at each mesh point), taken equal to the identity in our case,

Rn : covariance matrix of the observation error (difference between the value of the state variables and

observed variables at each mesh point), also taken equal to the identity in this thesis,

Hn : Hn = hon ◦ hI is the observation operator; the operator hon projects the space into the observation

subspace. The operator hI is the interpolation function. In general Hn is nonlinear although we
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manage to use a linear operator in our case by using the a posteriori knowledge of the position of the

measurements, therefore encoded as a time varying observation matrix.

Variational data assimilation consists in obtaining the initial state that minimises a cost function

representing the L2 norm of the difference between the state and observed variables:

J o(X0) =
N∑
n=0

(Y on −Hn[Xn])TR−1
n (Y on −Hn[Xn]) (2.15)

where the subscript n denotes the time step. The number of points in the computational domain is usually

much greater than the number of measurements located along drifter trajectories, usually by a factor 102 or

more. This can make the minimisation problem ill-posed; in particular, non uniqueness of the solution may

result from the ill-posedness. Thus, a term representing the L2 norm of the difference between an estimate

of the initial state Xb and the observed variables, called background term J b, is introduced leading to a

unique minimum of the cost function and providing a first guess which accelerates the convergence of the

minimisation algorithm. Such an estimate of the initial state of the system may be available, for example,

through historical data, simulation from a previous assimilated initial state, forecast, or interpolation from a

limited number of fixed Eulerian sensors located at the boundaries of the system. This leads to a new cost

function, by adding the background term J b to the observation term J o:

J (X0) = (X0 −Xb)TB−1(X0 −Xb) +
N∑
n=0

(Y on −Hn[Xn])TR−1
n (Y on −Hn[Xn]) (2.16)

B and Rn are the covariance matrices of the background error and observation error respectively and will

taken equal to the identity in a simplifying assumption. Note that J o(X0) depends on X0 implicitly through

the state Xn, obtained from X0 through the model equations, as will be detailed later.

2.3.2 Adjoint method

The constraints are given by the model equations, in our case the 2-dimensional nonlinear shal-

low water equations described in the previous section, discretised by a numerical scheme. To solve such a

nonlinear optimisation problem with a large number of variables, the adjoint method can be used (a primer
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on the adjoint method can be found in [104, 122]). Adjoint methods were first introduced in the late 1980s

as a tool for shape optimisation, in particular aircraft design [83] and were later applied to data assimilation

[97, 120]. The direct approach which consists in calculating the gradient of the cost functional using finite

differences is only possible when the number of control variables is small. In most real life problems, in

particular data assimilation, this number is too large, making this approach untractable. A more efficient way

of calculating gradients is to use the adjoint equations and boundary conditions, which can be solved using

numerical schemes to yield the gradient of the cost function. Several variations of the adjoint methods exist

depending on the stage at which the discretisation is done: the continuous adjoint method, the discrete adjoint

method and automatic differentiation. In the continuous case, the adjoint equations and boundary conditions

are computed from the model and eventually discretised. For the discrete adjoint method, the model equa-

tions are discretised first using a numerical scheme, then the adjoint equations of these discrete equations are

computed. Finally, one can use automatic differentiation software to compute the adjoint of the numerical

code that is used to simulate the model equations. This results in a adjoint code being generated which can

be implemented directly into a nonlinear optimisation routine. An application of automatic differentiation to

data assimilation of river flows appeared in [31]; adjoint methods for river control are developed in [136].

We start by illustrating this technique on a simple optimisation problem:

min
x
F (x, u(x)) subject to the constraint C(x, u(x)) = 0

where u = (u1, . . . , un), C = (C1, . . . , Cn), x = (x1, . . . , xm). For a small variation of the control variable

x→ x+ εx̄, the variation in u will be:

u(x)→ u(x+ εx̄) = u(x) + εū+O(ε2)

A linearisation of the constraint equation gives a relation between x̄ and ū:

∂C

∂x
x̄+

∂C

∂u
ū = 0
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The variation of F is:

F (x+ εx̄, u(x+ εx̄))− F (x, u(x)) = δF = ε

(
x̄T

∂F

∂x
+ ūT

∂F

∂u

)
+O(ε2)

which would suggest using x̄T ∂F∂x + ūT ∂F∂u as a descent direction. However this quantity depends on ū, the

first variation of u which can only be computed after setting a direction of change x̄ for the control variable

x. To avoid these complications, we try to eliminate ū from the variation of the functional F . Noticing that

ūT ∂C∂u
T

+ x̄T ∂C∂x
T

= 0, we multiply this quantity by an arbitrary vector λ = (λ1, . . . , λn) and we add this

term (of value zero) to the variation of the functional. Then choosing a specific value for λ, we will eliminate

the dependence in ū:

δF = ε

(
x̄T

∂F

∂x
+ ūT

∂F

∂u

)
+ ε

(
ūT

∂C

∂u

T

+ x̄T
∂C

∂x

T
)
λ+O(ε2)

which can be written as:

δF = εx̄T

(
∂F

∂x
+
∂C

∂x

T

λ

)
+ εūT

(
∂F

∂u

T

+
∂C

∂u

T

λ

)
+O(ε2)

If we choose λ such that ∂F∂u
T

+ ∂C
∂u

T
λ=0, the variation of the functional becomes:

δF = εx̄T

(
∂F

∂x
+
∂C

∂x

T

λ

)
+O(ε2)

with the additional constraint:

∂F

∂u

T

+
∂C

∂u

T

λ = 0

which is called the adjoint equation. The variation of the functional no longer depends explicitly on ū, and a

descent direction is:

x̄ = −

(
∂F

∂x
+
∂C

∂x

T

λ

)
At each iteration, we solve the original and adjoint equations using a numerical scheme and modify the

descent direction accordingly into a nonlinear optimisation method.

We will now present the adjoint method on a general evolution equation:
dX(t)
dt = M(X(t), t), t ∈ (0, T )

X(0) = X0

(2.17)
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where M represents the continuous model, and X0 the initial state which is the control variable in this case.

We consider the following general cost function which we try to minimise:

J(X0) =
∫ T

0

(
||H(t,X(t))− Y o||2 + r||X0 −Xb||2

)
dt (2.18)

where H is the observation operator and Y o the observation vector. The minimiser X∗ solves the following

system of equations : 
dX
dt = M(X(t), t), t ∈ (0, T )

X(0) = X∗
(2.19)

and the adjoint equations [104, 122]:
−dPdt =

[
∂M
∂X

]∗
P (t) +

[
∂H
∂X

]∗
(H(t,X(t))− Y o)

P (T ) = 0, − P (0) + r(X∗ −Xb) = 0
(2.20)

where P denotes the adjoint variable, and the linear operators
[
∂M
∂X

]∗
,
[
∂H
∂X

]∗
correspond to the adjoint of

the model M and the observation operator H . At each iteration the model and adjoint equations are solved

yielding the gradient of the cost functional:

∇J(X) = −P (0) + r(X −Xb) (2.21)

This gradient is then used in a nonlinear optimisation method, such as the limited memory version of the

Broyden-Fletcher-Goldfarb-Shanno (BFGS) method described in [29, 121, 170]. The adjoint equations for

our problem can be obtained from the conservative formulation of the shallow water equations [145]:

Xt + F (X)x +G(X)y = S (2.22)

where

X =


h

uh

vh

 (2.23)

and

F =


uh

u2h+ g h
2

2

uvh

 (2.24)
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G =


vh

uvh

v2h+ g h
2

2

 (2.25)

S =


0

−ghbx

−ghby

 (2.26)

from which we obtain the adjoint equations [136, 97]:

Pt +APx +BPy + CP +R = 0 (2.27)

where q1 = uh, q2 = vh and A, B, C are given by:

A =


0 q21

h2 − gh q1q2
h2

−1 −2 q1h − q2h

0 0 − q1h

 (2.28)

B =


0 q1q2

h2
q22
h2 − gh

0 − q2h 0

−1 − q1h −2 q2h

 (2.29)

C =


0 −gbx −gby

0 0 0

0 0 0

 (2.30)

where the vector R is related to the derivatives of the cost function.

Note that the adjoint equations are not in conservative form which prevents the implementation of

the numerical schemes used for the model equations. This problem can be circumvented using automatic

differentiation [21] to generate the adjoint code directly from the forward code. The main drawback of

the adjoint method is its computational cost as 50 to 100 iterations of the method are usually required for

the method to converge which corresponds to 100 to 200 numerical resolutions of the direct and adjoint
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equations. Additionally, the nonlinearity of the problem can result in the fact that if the starting point (in

our case the background term) is too far from the global minimum, the nonlinear optimisation method might

converge to a local minimum instead.

2.3.3 Quadratic programming based data assimilation algorithm

While the adjoint method is helpful to solve nonlinear optimisation problems, in the case of a

quadratic cost functions with linear constraints, a quadratic programming solver will be far more efficient

and yield an optimal solution. Therefore, we will formulate the variational data assimilation problem 2.16

detailed earlier as a quadratic program. The first step is to obtain linear constraints, which in our case will

be achieved by linearising the shallow water equations. Indeed, for numerous environmental flows, such as

the ones we will consider in our experiments, the Froude number is smaller than 1, usually by several orders

of magnitude, (Fr 6 0.05 in our case), and the nonlinear effects can be neglected. For this setting, we can

rewrite the equations (2.11), (2.12) and (2.13) under the form:

ut + uux + vuy + ghx = −gbx + Fx (2.31)

vt + uvx + vvy + ghy = −gby + Fy (2.32)

ht + (hu)x + (hv)y = 0 (2.33)

having neglected turbulence effects. The friction forces are given by the following Manning law:

Fx = − 1
cosα

gm2

h4/3
u
√
u2 + v2 (2.34)

Fy = − 1
cosα

gm2

h4/3
v
√
u2 + v2 (2.35)

where m is the Manning coefficient (usually denoted by n in the literature). We linearise these equations

around a flow (U0(x, y, t), V0(x, y, t), H0(x, y, t)), satisfying (2.31), (2.32) and (2.33) (see [161]). In general,

U0(x, y, t) and V0(x, y, t) are not uniform, due to the geometry of the river. Based on the flow conditions,

(U0(x, y, t), V0(x, y, t) and H0(x, y, t)) can be considered to be static or not. The linearised equations
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become:

ut + U0(x, y, t)ux + V0(x, y, t)uy + ghx = −gbx − Cx,yu (2.36)

vt + U0(x, y, t)vx + V0(x, y, t)vy + ghy = −gby − Cx,yv (2.37)

ht + U0(x, y, t)hx + V0(x, y, t)hy +H0(x, y, t)(ux + vy) = 0 (2.38)

where Cx,y = 1
cosα(x,y)

gm2

H
4/3
0

√
U2

0 + V 2
0 is a linearised friction coefficient.

Numerical schemes

The flows considered in the article are characterised by a Froude number such that Fr� 1. We are

in the presence of a subcritical flow and since the Froude number represents the ratio between inertial and

gravity forces, the inertial terms in the previous equations (uux, vuy , uvx, vvy) can be neglected with respect

to gravity terms (ghx, ghy) leading to the following set of equations [2, 161]:

ut + ghx = −gbx − Cx,yu (2.39)

vt + ghy = −gby − Cx,yv (2.40)

ht +H0(x, y, t)(ux + vy) = 0 (2.41)

In order to use quadratic programming techniques for data assimilation, the linearised shallow water

equations should be discretised using a linear numerical scheme so that the resulting constraints equations are

linear. Explicit numerical schemes require a Courant-Friedrichs-Lewy (CFL) number less than one to ensure

stability. This in turn means that small time steps have to be used which would considerably increase the

size of the constraint matrix. Therefore, implicit schemes, which are unconditionally stable, are more suited

in the present case. We start by developing an implicit finite difference numerical scheme for the linearised

shallow water equations (2.39), (2.40), (2.41) inspired by the Abbott scheme [1, 2]. For space steps ∆x and
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∆y and a time step ∆t which are denoted by indices i, j and n respectively, we obtain:

un+1
i,j − uni,j

∆t
+ g

h
n+ 1

2
i+1,j − h

n+ 1
2

i−1,j

2∆x
= −g bi+1,j − bi−1,j

2∆x
− Ci,juni,j (2.42)

h
n+ 1

2
i,j − hni,j

1
2∆t

+Hi,j,n
0

(
1
2
un+1
i+1,j − u

n+1
i−1,j

2∆x
+

1
2
uni+1,j − uni−1,j

2∆x
+
vni,j+1 − vni,j−1

2∆y

)
= 0 (2.43)

vn+1
i,j − vni,j

∆t
+ g

(
1
2
hn+1
i,j+1 − h

n+1
i,j−1

2∆y
+

1
2
hni,j+1 − hni,j−1

2∆y

)
= −g bi,j+1 − bi,j−1

2∆y
− Ci,jvni,j (2.44)

hn+1
i,j − h

n+ 1
2

i,j
1
2∆t

+Hi,j,n
0

(
1
2
un+1
i+1,j − u

n+1
i−1,j

2∆x
+

1
2
uni+1,j − uni−1,j

2∆x
+
vn+1
i,j+1 − v

n+1
i,j−1

2∆y

)
= 0 (2.45)

We can see that the first two equations (2.42), (2.43) are algorithmically connected in a first stage in such

a way as to advance u directly from n∆t to (n + 1)∆t while advancing h only from n∆t to (n + 1
2 )∆t.

The second stage connects equations (2.44) and (2.45) algorithmically to advance v directly from n∆t to

(n + 1)∆t while advancing h from (n + 1
2 )∆t to (n + 1)∆t. In this scheme, information is accumulated

during the cycle on the h values only.

In order to implement this scheme as constraints in a quadratic program, it is more convenient to

reduce the scheme to a two-level form. By subtracting equation (2.45) from equation (2.43) we obtain an

expression for hn+ 1
2

i,j :

h
n+ 1

2
i,j =

hni,j + hn+1
i,j

2
−Hi,j,n

0

∆t
8∆y

(vni,j+1 − vni,j−1 − vn+1
i,j+1 + vn+1

i,j−1) (2.46)

that can be used to eliminate hn+ 1
2

i,j from equation (2.42) to provide equation (2.47); then we add equation

(2.43) to equation (2.45) to obtain equation (2.49):

un+1
i,j − uni,j

∆t
+

g

4∆x
[(hn+1

i+1,j − h
n+1
i−1,j) + (hni+1,j − hni−1,j)]

+
gHi,j,n

0 ∆t
16∆x∆y

[(vn+1
i+1,j+1 − v

n+1
i+1,j−1)− (vni+1,j+1 − vni+1,j−1)

− (vn+1
i−1,j+1 − v

n+1
i−1,j−1) + (vni−1,j+1 − vni−1,j−1)] = −g (bi+1,j − bi−1,j)

2∆x
− Ci,juni,j (2.47)

vn+1
i,j − vni,j

∆t
+

g

4∆y
[(hn+1

i,j+1 − h
n+1
i,j−1) + (hni,j+1 − hni,j−1)] = −g (bi,j+1 − bi,j−1)

2∆y
− Ci,jvni,j (2.48)

hn+1
i,j − hni,j

∆t
+
Hi,j,n

0

4
(
un+1
i+1,j − u

n+1
i−1,j

∆x
+
uni+1,j − uni−1,j

∆x

+
vn+1
i,j+1 − v

n+1
i,j−1

∆y
+
vni,j+1 − vni,j−1

∆y
) = 0 (2.49)
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One of the advantages of this scheme is that since the inertial terms were neglected, its matrix formulation

is sparse thereby reducing the computational time required by the quadratic program solver to reach the

solution. However, for the inverse modelling applications described in this chapter, the computational time

is minimal (less 5 seconds) and the gain is hardly noticeable; since this comes at the expense of accuracy,

two other schemes were formulated taking into account all the terms; the first one is a centered finite volume

scheme. Note that the computational efficiency linked with the use of this particular scheme might become

of use for larger problems, where runtime would be a true issue.

If we designate by axi,j and ayi,j the dimensions of the rectangular cell (i, j) along the x and y axes,

we obtain:

uni,j − u
n−1
i,j

∆t
+

1
2axi

(U i,j,n0 (uni+1,j − uni−1,j) + g(hni+1,j − hni−1,j))

+
V i,j,n0

2ayj
(uni,j+1 − uni,j−1) + Ci,ju

n
i,j = − g

2axi
(bi+1,j − bi−1,j) (2.50)

vni,j − v
n−1
i,j

∆t
+
U i,j,n0

2axi
(vni+1,j − vni−1,j) +

1
2ayj

(V i,j,n0 (vni,j+1 − vni,j−1)

+ g(hni,j+1 − hni,j−1)) + Ci,jv
n
i,j = − g

2ayj
(bi,j+1 − bi,j−1) (2.51)

hni,j − h
n−1
i,j

∆t
+
U i,j,n0

2axi
(hni+1,j − hni−1,j) +

V i,j,n0

2ayj
(hni,j+1 − hni,j−1)

+Hi,j,n
0 (

1
2axi

(uni+1,j − uni−1,j) +
1

2ayj
(vni,j+1 − vni,j−1)) = 0 (2.52)

This scheme is convergent and stable (see for example [3]). Note that no assumption is made on the direction

of the flow which means that this scheme can be readily implemented in situations where tidal forcing creates

a flow reversal at regular intervals.

Finally, the third scheme has the added property of being more stable with respect to spatial varia-

tions of the state variables. With the same notations as above, the spatial derivative of a given variable u can

be approximated by the following finite difference scheme:

ux =
un+1
i+1,j − u

n+1
i−1,j + uni+1,j − uni−1,j

4axi,j
(2.53)
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where i, j denote the spatial indices and n the time step. The implicit Euler scheme is used for the time

discretisation: ∂ui,j

∂t is approximated by
un+1

i,j −u
n
i,j

∆t . The previous discretisation steps lead to the following

implicit numerical scheme:

un+1
i+1,j+1 − uni+1,j+1

∆t
+
U i,j,n0

4axi,j
(un+1
i+1,j − u

n+1
i−1,j + uni+1,j − uni−1,j)

+
V i,j,n0

4ayi,j
(un+1
i,j+1 − u

n+1
i,j−1 + uni,j+1 − uni,j−1)

+
g

4axi,j
(hn+1
i+1,j − h

n+1
i−1,j + hni+1,j − hni−1,j + 2(bi+1,j − bi−1,j)) + Ci,ju

n
i,j = 0 (2.54)

vn+1
i+1,j+1 − vni+1,j+1

∆t
+
U i,j,n0

4axi,j
(vn+1
i+1,j − v

n+1
i−1,j + vni+1,j − vni−1,j)

+
V i,j,n0

4ayi,j
(vn+1
i,j+1 − v

n+1
i,j−1 + vni,j+1 − vni,j−1)

+
g

4ayi,j
(hn+1
i,j+1 − h

n+1
i,j−1 + hni,j+1 − hni,j−1 + 2(bi,j+1 − bi,j−1)) + Ci,jv

n
i,j = 0 (2.55)

hn+1
i+1,j+1 − hni+1,j+1

∆t
+
U i,j,n0

4axi,j
(hn+1
i+1,j − h

n+1
i−1,j + hni+1,j − hni−1,j)

+
V i,j,n0

4ayi,j
(hn+1
i,j+1 − h

n+1
i,j−1 + hni,j+1 − hni,j−1)

+
Hi,j,n

0

4axi,j
(un+1
i+1,j − u

n+1
i−1,j + uni+1,j − uni−1,j)

+
Hi,j,n

0

4ayi,j
(vn+1
i,j+1 − v

n+1
i,j−1 + vni,j+1 − vni,j−1) = 0 (2.56)

This scheme will be used as constraints for the quadratic programs solved in this chapter.

Incorporation of Lagrangian measurements

One issue that comes up when attempting to employ quadratic programming techniques to solve this

problem is that the interpolation operator Hn in equation (2.16) is usually nonlinear. However, as mentioned

before, in the present case we are able to use a linear operator. Indeed, we assume that the Lagrangian sensors

(drifters) have a sufficiently small time sampling period compared to the Lagrangian timescale of the body of

water considered (which is realistic for the scenarios presented in this thesis); therefore, the Eulerian velocity
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can be approximated by the Lagrangian velocity obtained by finite differences [81, 117]:

uD(tn) =
xD(tn)− xD(tn−1)

∆t
(2.57)

vD(tn) =
yD(tn)− yD(tn−1)

∆t
(2.58)

where xD(tn) and yD(tn) are the positions of drifter D at time tn and uD(tn), vD(tn) represent the velocity

of the drifter at time tn at location (xD(tn), yD(tn)). The observed variables are equal to the state variables

and hon = I and Hn = hI . For the interpolation operator, which maps measurement points to grid points, we

choose a bilinear interpolation. Note that if a finite volume scheme is used, the state variables are constant

for each cell and therefore the observed variables can simply be matched to the state variables by looking in

which cell the drifter is at a given time instant. We also assume the error covariance matrices B = I and

Rn = Rn = 1
r I where r is an empirically determined scalar. The factor r is a weighting parameter to adjust

the respective influences of the background and observation terms. For higher values of r, the analysed state

will be closer to the background term than the observations, whereas for lower values the regularising effect

of the background term is reduced, which in effect slows down the convergence of the algorithm. A careful

choice of the parameter r is therefore essential to a good performance of the data assimilation algorithm.

Optimisation Program Formulation

We can now pose the data assimilation problem as a quadratic optimisation problem. The back-

ground error covariance matrix B can be chosen so that the cost function (2.16) is quadratic positive definite.

The discretised dynamics of the flow are now encoded in the form of linear constraints, which is one of

the benefits of the quadratic method used. While the numerical scheme is implicit, (i.e. has to be written

in the form EXn+1 = AXn + Bun where E is not necessarily invertible), the quadratic program can in-

corporate these constraints at no further cost or complication. We concatenate the vectors (uni,j , v
n
i,j , h

n
i,j)

(i.e. the vector Xn) for all (i, j, n) into a single vector called X , and abbreviate the dynamics constraints by

AX = b, where this equation encodes the discretised flow equations. The search space X0 from which all

other quantities depend is allowed to evolve in a set of feasible initial conditions dictated by flow physics.
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Because the (uni,j , v
n
i,j , h

n
i,j) cannot take arbitrary values, the space in which X evolves can also be restricted

to increase the speed of convergence of the method. These two constraints are encoded in the form of an

inequality, GX 6 h. Finally, using the previous variable definitions, and because of the background term,

the optimisation program including equation (2.16) as cost functional, can be written as

minimise J(X0) = 1
2X

TPX + qTX + r

subject to GX 6 h

AX = b

(2.59)

2.3.4 Newtonian relaxation

Newtonian relaxation (also called nudging method), was introduced by Anthes in 1974 in [11], and

is a data assimilation technique which, unlike the other methods presented in this chapter, does not involve

any variational or sequential problem. It simply consists in adding to the model equations a source term

which is proportional to the difference between the observed variables and the state variables. The effect of

this source term is to correct the model evolution and nudge it closer to the observations. In other words, with

this method the system evolves according to the model when no observations are available and is corrected

towards the observations when they exist. If we assume that observations are collected over a period [0, T ] at

time instants tn for 0 6 n 6 N and considering a given model of the type:

dX

dt
= M(X) (2.60)

the nudging method would consist in adding a source term to the model equations of the form [11, 13, 81,

127]:

dX

dt
= M(X)−

N∑
n=0

λ(Y on −Hn[Xn]) (2.61)

where Y on is the observation vector. The function λ is called the nudging factor and will determine how much

weight is given to the observations with respect to the model, as well as the space and time scale over which

observation data are discarded. This term is therefore crucial to the performance of the nudging algorithm

and different types of nudging factors have been developed [74, 111, 127]. If we choose a nudging factor
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similar to the one used in [74, 81, 111], we obtain for t 6 tinit:

λ(x, y, t) =


1
Ta

exp(−x
2+y2

R2
nudge

) exp(− t−tinit
Td

),
√
x2 + y2 6 4Rnudge;

0,
√
x2 + y2 > 4Rnudge.

(2.62)

Ta is the timescale and will determine the strength of the nudging term. For larger values of Ta, the equation

will be almost identical to the original model equations and little benefit will be gained from the observations;

similarly, for lower values of Ta, the solution obtained will not closely follow the model equations. Td is the

dumping timescale which determines the amount of time after which observations are considered obsolete

and discarded. Rnudge is the nudging radius and represents the spatial domain of influence of observations

collected at a given point. Observation data will be discarded for points that are too far away from observa-

tions. In the case of the 2-dimensional nonlinear shallow water equations (2.11), (2.12), (2.13), the nudging

method is given by the equations (see [145]):

ut + uux + vuy + ghx = −gbx + fx −
N∑
n=0

λ1(uon −Hn[un]) (2.63)

vt + uvx + vvy + ghy = −gby + fy −
N∑
n=0

λ2(von −Hn[vn]) (2.64)

ht + (hu)x + (hv)y = −
N∑
n=0

λ3(hon −Hn[hn]) (2.65)

where λ1, λ2, λ3 are the respective nudging factors for each equation, un, vn, hn the modelled variables at

time tn and uon, von, hon the observed velocities and height at time tn. The nudging factors may not be the same

for each equation as observations for different state variables may be relevant for different time and space

scales. The main advantage of the nudging method when compared to other data assimilation algorithms is

its great simplicity, as it does not involve minimising a cost function but only adding a source term to the

numerical code used to solve the model equations. Therefore, this method does not require any knowledge

of optimisation techniques and can be implemented easily from an existing simulation code. However, due

to its nature, the nudging method is very sensitive to the number of drifters, geographical coverage and

measurement accuracy.
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2.3.5 Ensemble Kalman filtering

Among the family of sequential methods is the Ensemble Kalman Filter (EnKF) [45, 46, 47], first

developed by Evensen in oceanography. The EnKF is a Monte-Carlo implementation of the Bayesian update

problem: given a probability distribution of the modelled system (the prior, called forecast in geosciences)

and data likelihood, the Bayes theorem is used to to obtain the probability distribution with the data likelihood

taken into account (the posterior or analysis). The Bayesian update is combined with advancing the model

in time, with the data being incorporated from time to time. The original Kalman Filter [88] relies on the

assumption that the probability distributions are Gaussian, and provides algebraic formulae for the change of

the mean and covariance by the Bayesian update, and a formula for advancing the covariance matrix in time

provided the system is linear. However, this might not be computationally tractable for high dimensional

systems, which the main motivation for the development of the EnKF [45, 76]. The EnKF represents the

distribution of the system state using a random sample, called an ensemble, and replace the covariance matrix

by the sample covariance of the ensemble. One advantage of the EnKF is that advancing the probability

distribution in time is achieved by simply advancing each member of the ensemble. Note that the EnKF still

relies on the Gaussian assumption, though it is used in practice for nonlinear problems, where the Gaussian

assumption is not satisfied. In our case, the EnKF was applied to state estimation of river flows by J. Percelay

and O. P. Tossavainen [148, 157].

Notations

The following notations are used for the EnKF work presented later:

θn : Vector of state variables, namely the velocity components (u, v), the water height h for each mesh point

and the positions of the drifters xD, yD at a time instant tn.

Fn : Time dependent discretised forward 2D shallow water equation model.

wn : State noise representing the error between the forward model and the true state.

Qn : Covariance of the state noise wn.
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yn : Vector of observed variables, namely the positions of the drifters (xD, yD) at a time instant tn.

εn : Measurement noise, representing the error in the GPS measurements of the drifter positions.

Rn : Covariance matrix of the measurement noise εn.

Cn : Observation matrix.

ξpn|n : pth ensemble member at time tn.

Kn : Kalman gain at time tn.

We employ a state-augmentation approach that has been earlier introduced in oceanography (see [79, 94, 135]

for more details). We denote by θF the state variables corresponding to (u, v, h) on the computational domain.

In this approach, Lagrangian drifter positions are embedded in the state vector in discretised form and the

new state vector θ is written as

θ =

θF
θD

 .

This approach enables us to take the Lagrangian nature of observations into account without deriving Eulerian

quantities from Lagrangian measurements as was done previously in equations (2.57), (2.58).

By inspection, we note that there is a one-way coupled system from flow variables θF to drifter

positions θD, that is, the drifter positions can be solved after the flow variables have been solved. We express

this system by Fn, where n refers to the time step. Furthermore, due to the uncertainties in the modelling,

we add a stochastic term wn to represent modelling errors. The noise process wn, with covariance Qn, is a

Gaussian noise process that is used to model inaccuracies in the evolution model (discretisation error, poorly

known inputs etc., see for example [141]). Thus, we can write a nonlinear discrete stochastic state space

model of the form:

θn+1 = Fn(θn) + wn. (2.66)

Here, θn is the system state at time step n and Fn(θn) is one time step in the (non-linear) discretised shallow

water and drifter model, which is time dependent. Note that if the equations were linear, Xn used in the
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previous section would be the portion of θn which does not contain any drifter position (labeled as θD). For

the observations, we use an additive noise model

yn = Cnθn + εn. (2.67)

The observation vector is yn and the observation model that relates the state variables to the measurements

is Cn. The noise process εn is the measurement noise with covariance Rn. Without loss of generality, noise

processes are assumed to have zero mean. Furthermore, with these choices, the observation model Cn simply

becomesCn = (0 I) where 0 is a zero matrix of size three timesM×N for the three variables (u, v and h) and

I is the identity operator of size the number of drifters times two. The numerical solution of the 2D shallow-

water equations and drifter positions in (2.66) is computed using the commercial hydrodynamic software

TELEMAC 2D [72]. TELEMAC uses a streamline upwind Petrov-Galerkin based finite element solver for

hydrodynamic equations. Therefore, in practice, the Fn step of equation (2.66) is performed numerically by

the software.

In the filtering problem, the aim is to compute conditional expectations

θn|n = E(θn|yn, . . . , y1).

In the case of linear observation and evolution equations and for Gaussian noise processes, the recursive

Kalman filter algorithm can be used to determine the estimates of conditional expectation θn|n and covariance

Γn|n. If the evolution and/or observation equations are nonlinear and differentiable, the extended Kalman

filter can be applied [8]. However, to avoid the cumbersome linearisation of a nonlinear finite difference

scheme and to preserve the higher order statistics, which may be lost in the linearisation, we employ the

EnKF.

For the state space model (2.66)–(2.67), the EnKF algorithm can be summarised as in [47, 69]:

1. Initialisation: An ensemble of Nstates states ξ(p)
0 indexed by p are generated to represent the uncertainty

in θ0.



26

2. Time update:

ξ
(p)
n|n−1 = Fn(ξ(p)

n−1|n−1) + w
(p)
n−1 (2.68)

θn|n−1 =
1

Nstates

Nstates∑
p=1

ξ
(p)
n|n−1 (2.69)

En|n−1 = [ξ(1)
n|n−1 − θn|n−1, . . . , ξ

(Nstates)
n|n−1 − θn|n−1] (2.70)

3. Measurement update:

Γn|n−1 =
1

Nstates − 1
En|n−1E

T
n|n−1 (2.71)

Kn = Γn|n−1C
T
n [CnΓn|n−1C

T
n +Rn]−1 (2.72)

ξ
(p)
n|n = ξ

(i)
n|n−1 +Kn[yn − Cnξ(p)

n|n−1 + ε(p)n ] (2.73)

where the ensemble of state vectors are generated with the realisations w(p)
n and ε(p)n of the noise processes

wn and εn, respectively. In the previous equations, an important step is that at measurement times, each

measurement is represented by an ensemble. This ensemble has the actual measurement yn as mean and

the variance of the ensemble is used to represent measurement errors. This is done by adding perturbations

ε
(p)
n to measurements drawn from a distribution with zero mean and covariance equal to measurement error

covariance matrix Rn. This ensures that the variance of the updated ensemble is not too low [28].

EnKF implementation

The initial ensemble for the EnKF is generated from historical knowledge on the boundary con-

ditions in the river. We generate an ensemble of size Nstates = 100 as follows. The idea is to produce

Nstates different initial velocity fields representing the different states of the river. In order to do this, we use

data from the DSM2 model [9], which is available for a period of eight years. From this data, we extract

statistical characteristics of the boundary conditions: a mean value of discharge upstream, a mean value of

surface elevation downstream and a covariance matrix of those two quantities. From this, we generate a

set of discharges and free surface elevations (q(p),η(p)), p = 1, . . . , Nstates that correspond to the statistical
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characteristics deduced from the historical data. For each discharge q(p), we deduce a velocity profile

(u(p), v(p))
∣∣
∂Ωup

,

that is normal to the upstream boundary and proportional to the square root of the water depth at the upstream

boundary. The downstream boundary condition is the surface elevation obtained directly from the historical

data statistics:

η(p)
∣∣
∂Ωdown

= η(p).

In order to obtain realistic initial states for the EnKF algorithm, a 2.5 hour stabilisation run is

performed as follows. The forward solver TELEMAC 2D [72] is started from zero velocity and it runs for 2.5

hours for each ensemble member using the set (u(p), v(p))
∣∣
∂Ωup

, η(p) as boundary conditions. By doing this,

numerically stable and physically meaningful initial states for flow variables (u(p)
0 , v

(p)
0 , h

(p)
0 ) are obtained.

Furthermore, the zero velocity initial condition that we use to instantiate TELEMAC 2D is not affecting the

flow variables when the state estimation starts. When stable states are reached, state estimation can start. In

the state estimation procedure we do not update the velocity at the nodes that correspond to the land boundary.

This is to make sure that we do not violate the no-slip condition. The initial boundary conditions for each

ensemble member at time step zero are (u(p), v(p))
∣∣
∂Ωup

, η(p); these are obtained from the last time step of

the stabilising run. We set the standard deviation of the measurement noise εn to be 0.5 m in both x and y

directions. This indicates our confidence in the measurement data, and can be seen as a realistic choice for

the accuracy of GPS receivers. The state noise models the discrepancy between the model and reality. In this

work it is assumed that the state noise for the flow variables can deduced from the properties of large number

of ensemble members. The covariance matrix Qn for the flow variables is computed as the covariance of the

initial ensemble members around the mean flow. Thus, the state noise reflects the variations in the velocity

and depth field due to the uncertain and changing boundary conditions. We further assume that the mesh

nodes corresponding to the land nodes are not affected by the state noise in order not to violate the no-slip

condition on the land boundaries. In addition, we assume that there is a small uncertainty in the model which

predicts the drifter positions. This uncertainty is modelled by a white noise, that is the covariance matrix
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for the drifters is a diagonal matrix. This uncertainty is indicated by setting the standard deviation of the

state noise in the covariance matrix Qn corresponding to all drifter coordinates to be 0.5 m in both x and y

directions.

2.4 Twin experiments

2.4.1 The Sacramento-San Joaquin Delta

The algorithms described earlier can obviously be applied to any river. Access to data such as an

accurate bathymetry and boundary conditions is required to perform numerical simulations (parameters are

needed in the constitutive equations). The present work focuses on the implementation of these algorithms

on a body of water located in the Sacramento-San Joaquin Delta (Figure 2.1); the geographical proximity of

this area was also helpful when it came to conducting field experiments such as releasing drifters or installing

sensors to measure boundary conditions. The Delta is a web of channels and reclaimed islands formed

by the confluence of the Sacramento River, itself fed by the northern Sierra Nevada runoff, and the San

Joaquin River, which mingle with smaller tributaries to create a 700 mile labyrinth of sloughs and waterways

surrounding 57 reclaimed islands [107, 112]. The Delta is of great importance to the state of California for

a number of reasons. It is a source of drinking water for more than 20 million Californians and most of

California’s farmland relies on water tributary to the Delta for irrigation.

Additionally, the Delta is a hub for California’s infrastructure (Figure 2.2). The state’s major north-

south highway (I-5), several rail lines and deep water shipping channels leading to the Sacramento and Stock-

ton ports all pass through the Delta as do electricity and gas transmission lines, as well as aqueducts and canals

conveying water to a number of local water utilities. The Delta also provides habitat for numerous California

fish and wildlife species to live in or migrate through as well as land for agriculture and more recently for

urban development. In recent years, there has been a general agreement that challenges currently affecting the

Delta could progress into a crisis if no action is taken. Perhaps the most striking area is that of levees; for the

past two centuries, more than 1,000 miles of levees have been built to protect reclaimed Delta islands (Figure
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Figure 2.1: The Sacramento-San Joaquin Delta [107].
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Figure 2.2: Infrastructure in the Delta [107].
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Figure 2.3: Delta levees [107].
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2.3), many of which are 25 feet or more below sea level, by preventing flooding and thus allowing cultivation

of the soil. A sound and well-maintained levee systems is vital to protect the farms and towns on Delta islands

as well as the freshwater supply moving through the Delta waterways. Indeed, when levees fail, water which

tends to be salty since it is drawn upstream from the San Francisco Bay, rushes into the islands located below

sea level. Since 1980, 18 Delta islands have been partially or completely flooded and numerous studies have

found that Delta levees are deteriorating, their maintenance costing millions of dollars. The numerous earth-

quake fault lines running through or near the Delta also pose a threat to levee stability. Water officials fear

that a major earthquake could cause the levees to fail and flood numerous Delta islands, forcing Delta water

users throughout California to rely on stored supplies and disrupting water delivery to central and southern

California. The Delta is a major source of drinking water for California’s fast growing population (predicted

to reach 48 million by 2020), which will increase the amount of freshwater pumped from the Delta. Water

salinity is another major concern, as it affects directly the potability of drinking water supplies, the productiv-

ity of farmland and the viability of organisms in the aquatic ecosystems. Salty ocean water typically creeps

up the Delta channels during dry periods when freshwater flow is reduced. The intrusion of saltwater into

the Delta forces the shutdown of pumps which provide drinking water to the state residents, thus requiring

the purchase of water from other sources at a much higher cost. Finally, another issue is the impact of grow-

ing population and water consumption of the Delta’s ecosystems. In the fall of 2004, routine fish surveys

registered sharp declines in several pelagic species such as striped bass, green and white sturgeon, perch,

Chinook salmon, threadfin shad and delta smelt [112]. This trend was confirmed in subsequent surveys and

the delta smelt (Hypomesus transpacificus), often seen as an indicator of ecosystem health in the Delta, may

be facing extinction in the near future unless this course is reversed. Invasive species have also come to pose

extensive challenges to many of the native species present in the Delta. These mounting challenges resulted

in the creation in 1995 as part of the Delta Accord, of a state-federal program named CALFED (California

Water Policy Council and Federal Ecosystem Directorate) to find new solutions to the Deltas ecosystem and

water supply issues. A part of this effort consists in developing modelling and simulation tools and the work

presented in this and the next chapter was partially funded by a CALFED grant.
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2.4.2 Comparison of the data assimilation algorithms

A standard benchmark for the validation of data assimilation algorithms is the twin experiment

which consists in comparing the true state of the system with the assimilated state. For this, a simulation is

run from time t0 to time T using a two dimensional nonlinear shallow water model, yielding the so-called

true state at every time instant between t0 and T . At a chosen time t0 6 t1 6 T , drifters are released in

simulation from the upstream end, and their trajectories are simulated using a Runge-Kutta method and the

vector field provided by the nonlinear shallow water simulation; then, a data assimilation process is started

and the assimilated state is generated by the QP algorithm or the EnKF between t1 and T and compared with

the true state at the same instant.

To compare the assimilated state and the true state, the relative root mean square (RMS) error is a

commonly used metric in the field of data assimilation. The relative RMS error for the assimilated state is

defined by:

Ea(t) =

(∫
x

∫
y
|Xt(x, y, t)−Xa(x, y, t)|2dxdy∫

x

∫
y
|Xt(x, y, t)|2dxdy

) 1
2

(2.74)

where Xt is the true state and Xa the assimilated state.

Several experiments are performed in order to test the influence of the number of drifters and their

initial position in the river on the accuracy of the assimilation. The domain is a stretch of the Sacramento

River, located between the Delta Cross Channel and the Georgiana Slough in the Sacramento-San Joaquin

Delta. The bathymetry is provided by the United States Geological Survey (USGS) as shown in Figure 2.4.

A typical velocity field generated by a two dimensional nonlinear shallow water simulation is represented in

Figure 2.5.

The boundary conditions used for the simulation are computed using the Delta Simulation Model II

(DSM2) [9], a one dimensional shallow water model of the San Francisco Bay and Sacramento-San Joaquin

Delta which provides hourly discharge and surface elevation at various locations. The bottom friction is

modelled using Manning’s law with a Manning coefficient chosen as constant in time and space and equal

to 0.02,corresponding to a straight gravel bottom [36]. The simulation runs for two and a half hours before
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Figure 2.4: Bathymetry in the Sacramento River in metres.
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Figure 2.5: Velocity field in the Sacramento River in metres per second obtained from the forward simulation.
The background colour represents the magnitude of the velocity. This velocity field represents the true state
in the twin experiments.
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the drifters are released in order to obtain a stable state. Three different test cases are considered. First is a

situation with constant boundary conditions. The second and third cases are situations with varying boundary

conditions extracted from DSM2 results, corresponding to high and low flow situations in March and June

2006 respectively. Different studies can be conducted using these simulations. First, we try to determine

the influence of the number of drifters by using four, eight or twelve drifters in the assimilation algorithms.

Then, we study the influence of measurements frequency by using only a measurement every minute instead

of every 30 seconds.

The comparison between the two methods is made a posteriori: the quadratic program runs on a

period of one hour and recovers the state of the system since the beginning of this period, when the drifters

were released. Additionally, the quadratic programming based algorithm generates the state of the system

at every time step over the period of assimilation, as part of the state X reconstructed. The evolution of the

relative RMS error is computed for both the algorithms (quadratic programming based and EnKF) and the

respective errors are compared for each twin experiment. The quadratic program is solved using a large scale

quadratic programming software (in our case CPLEX [80]) with the algorithm itself being coded through the

AMPL [49] modelling language. For a one hour period, the problem has about 100,000 variables and some

20 iterations of a barrier method are necessary for the solver to converge to a solution taking at most five

seconds on a desktop computer. A background term, necessary for the quadratic programming algorithm,

is generated from the available information (in our case, the upstream boundary conditions). The EnKF

algorithm generates an estimate of the state vector at each time step. For the EnKF, the assimilation takes

between six to eight hours.

Results and comparison

We begin by using constant boundary conditions chosen from DSM2 values. The discharge up-

stream is Qup = 235.3 m3/s and the surface elevation downstream is ηdown = 1.49 m. This corresponds to

normal conditions in the river. For low flow boundary conditions, we chose a one hour period on June 29th

2006 from 1 a.m. to 2 a.m. The discharge upstream varies from 300.2 m3/s at 1 a.m. to 223.1 m3/s at 2
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Time t0 t0+30min t0+60min Mean
Nd M.S. QP EnKF QP EnKF QP EnKF QP EnKF
Constant Flow

4 30s 19.8% 7.4% 20.0% 20.1% 20.0% 15.7% 20.0% 18.0%
60s 19.8% 16.4% 20.0% 28.0% 20.0% 13.4% 20.0% 20.0%

8 30s 8.0% 7.0% 9.6% 9.0% 9.6% 9.8% 9.4% 8.7%
60s 8.0% 18.1% 9.6% 15.3% 9.6% 14.7% 9.4% 12.1%

Low Flow

4 30s 19.8% 6.6% 20.6% 13.4% 20.8% 20.5% 20.5% 15.3%
60s 20.1% N/A 20.2% N/A 20.2% N/A 20.2% N/A

8 30s 4.8% 7.2% 4.9% 8.2% 5.8% 10.9% 5.1% 9.2%
60s 5.0% 8.6% 5.1% 11.3% 5.8% 12.2% 5.2% 12.1%

High Flow

4 30s 20.6% 7.9% 20.4% 12.8% 20.5% 10.5% 20.5% 11.2%
60s 25.9% 8.1% 25.7% 12.9% 25.9% 12.2% 25.8% 11.6%

8 30s 7.5% 8.1% 6.8% 8.4% 7.0% 12.2% 7.0% 9.1%
60s 19.8% 11.1% 19.5% 8.5% 19.7% 14.6% 19.6% 9.6%

Table 2.1: Relative RMS error as computed in equation (2.74) for the different test cases. Nd is the number
of drifters and M.S. the measurement sampling time. For each case, the errors are reported for the initial
time (t0), after half of the total assimilation time (t0 + 30 minutes) and at the end of the experiment (t0 + 60
minutes). The mean error over the time period is also included.

a.m. The surface elevation downstream varies from 1.52 m at 1 a.m. to 1.58 m at 2 a.m. The discharge

here is lower as the snow melt period is over, the variation of the discharge resulting from tidal forcing. The

high flow boundary conditions correspond to a one hour period on March 17th 2006 from 4 p.m. to 5 p.m.

The discharge upstream varies from 722.3 m3/s at 4 p.m. to 686.1 m3/s at 5 p.m. The surface elevation

downstream varies from 2.91 m at 4 p.m. to 2.95 m at 5 p.m. These high flow conditions are typical of the

snow melt season in the Delta. For each of the scenarios described previously, either four or eight drifters are

released. The results for the different test cases are summarised in table 2.1.

Table 2.1 shows that the evolution of the error in time is different for both methods. The error

is relatively stable in the case of the quadratic programming algorithm while it varies significantly for the

EnKF. The reason of this variability in the EnKF is that the model used for the state noise may not be

optimal. Finding an optimal model for state noise is currently an open problem. The error is usually highest

near the land boundary for both methods due to the absence of drifters in this area.

For the EnKF, there is a small decrease in relative RMS error when the number of drifters is in-

creased from four to eight drifters, except in the case of constant boundary conditions; this is explained by
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Figure 2.6: Relative RMS error (%) for both methods in the case of constant boundary conditions for four
and eight drifters and 30s and 60s time sampling.
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Figure 2.7: Relative RMS error (%) for the QP algorithm in the case of constant boundary conditions with
eight drifters (top) and four drifters (bottom).
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Figure 2.8: Relative RMS error (%) for both methods in the case of variable boundary conditions and low
flow for four and eight drifters and 30s and 60s time sampling.
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Figure 2.9: Relative RMS error (%) for the QP algorithm in the case of low boundary flow with eight drifters
(top) and four drifters (bottom).
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Figure 2.10: Relative RMS error (%) for both methods in the case of variable boundary conditions and high
flow for four and eight drifters and 30s and 60s time sampling.
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Figure 2.11: Relative RMS error (%) for the QP algorithm in the case of high boundary flow with eight
drifters (top) and four drifters (bottom).
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the fact that the EnKF is based on estimating the variation of the flow. On the other hand, the QP algorithm

shows a significant improvement when the number of drifters increases with the relative RMS error being

divided by two for constant (Figures 2.6 and 2.7) and high flows (Figures 2.10 and 2.11) and by three for low

flows (Figures 2.8 and 2.9). This is understandable, as when fewer observations are available, the background

term (with a relative RMS error close to 40%) becomes more dominant, thus increasing the error.

The time sampling has a greater influence on the quadratic programming estimate than on the EnKF

estimate. Indeed, the difference in time sampling is not relevant for the EnKF for the cases with varying

boundary conditions. For the QP algorithm, the observations time sampling has no influence on the relative

RMS error for the constant boundary conditions (Figure 2.6) and varying boundary conditions with low flow

(Figure 2.8); the error is constant for constant boundary conditions with four or eight drifters and increases by

0.3% for low flow with four drifters. However it makes a significant difference (5.3% increase in RMS error

with four drifters and 12.6% increase with eight drifters) in the case of high flow (Figures 2.10 and 2.12). The

difference in the estimation error is explained by the fact that at velocities encountered in this experiment (0.8

m/s) a drifter will have floated through two or three grid cells of the QP grid in between two measurements

resulting in the absence of observations for about half of the grid cells. This is compensated in the variational

data assimilation problem by giving a greater influence to the background term which automatically increases

the relative RMS error. This phenomenon does not occur for the EnKF. When the velocity is lower (0.4 m/s),

the drifters at most move from one cell to the next in between two measurements, and provide at least one

observation for every cell on their trajectory. Thus the error for the QP is not affected by the time sampling

for low flows.

2.4.3 Description of GPS drifters

In addition to the twin experiments described in the previous section, a fleet of GPS equipped

drifters (Figure 2.18) was designed and manufactured in the Lagrangian Sensor Systems Laboratory of the

Department of Civil and Environmental Engineering and used in the same part of the Sacramento River (Fig-

ure 2.19) for a number of field experiments [155], led by Andrew Tinka. Each drifter consists of a watertight
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Figure 2.12: Relative RMS error (%) for the QP algorithm in the case of high boundary flow with eight
drifters (top) and four drifters (bottom) for an observations time sampling of 60 seconds.
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Figure 2.13: Magnitude of the assimilated velocity fields (m/s) generated by the QP algorithm for constant
boundary conditions: 8 drifters (top), 4 drifters (bottom).
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Figure 2.14: Quiver plots of the assimilated velocity field obtained from the QP algorithm in the case of
constant boundary conditions with eight drifters (top) and four drifters (bottom).
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Figure 2.15: Magnitude of the assimilated velocity fields (m/s) generated by the QP algorithm for high flow
boundary conditions: 8 drifters (top), 4 drifters (bottom).
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Figure 2.16: Quiver plots of the assimilated velocity field obtained from the QP algorithm in the case of high
boundary flow with eight drifters (top) and four drifters (bottom).
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Figure 2.17: Magnitude of the assimilated velocity fields (m/s) generated by the QP algorithm for low flow
boundary conditions: 8 drifters (top), 4 drifters (bottom).
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Figure 2.18: Left: each drifter contains a number of electronic devices including a GPS receiver, a GUMSTIX
computing module, a GSM transmission module, a GSM antenna and a battery module. Right: a 1.3 metre
aluminum tube is attached to the bottom of the drifter at the end of which are two polycarbonate plates,
the objective being that the drifter be driven primarily by the current below the surface as opposed to the
wind-mixed layer that may be present at the surface. Photos courtesy of Andrew Tinka.
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Figure 2.19: Satellite image of the portion of the Sacramento River studied, located near the town of Walnut
Grove. The location of the ADCP sensor is represented by a blue dot in the top right part of the domain.
Figure courtesy of Andrew Tinka.
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Figure 2.20: Trajectories of the drifters along the Sacramento River during one of the November 12 field
operational tests.
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fiberglass hull containing a GPS receiver, a low-power embedded computer running Linux (GUMSTIX), a

GSM module for communication and an underwater drogue attached to the bottom of the hull (Figure 2.18).

While the hull of the drifter floats at surface level, a 1.3 m aluminium tube is attached to a lug in the lower

hull with a cotter pin. At the opposite end of the tube, two polycarbonate plates, each having an area of 1600

square centimetres, are mounted diagonally. This puts a large drag component about one metre below the

drifter hull. The intent is to make sure that the drifter is driven primarily by the current below the surface

as opposed to the wind-mixed layer that may be present at the surface. With a unit price of $700, such a

drifter is quite cheap when compared to fixed measurement stations. On November 12, 2007 and November

16, 2007, four drifter deployments were performed on the portion of the Sacramento River studied earlier in

the chapter. For each experiment, seven drifters were placed in the water by UC Berkeley students in a small

boat. The initial positions were roughly in a straight line across the river, with approximately even spacing,

but in the centre of the river to avoid obstacles such as marinas and shallow areas on the sides. The drifters

logged their GPS positions as they travelled along the river. Figure 2.20 depicts an example of drifter trajec-

tories reconstructed from the GPS position data downloaded from the drifters after the experiments. From

this data, the velocity of the drifter can be computed using finite differences.

Other fixed sensors were also deployed during the period of the experiments, among which is an

Acoustic Doppler Current Profiler (ADCP) installed near the upstream boundary (Figure 2.19). The ADCP

[119] is placed on the river bed at a given location, and measures velocity magnitude and direction using the

Doppler shift of acoustic energy reflected by material suspended in the water column above the sensor. The

ADCP transmits pairs of short acoustic pulses along a narrow beam from each of its four transducers. As

the pulses travel through the water column, they strike suspended sediment and organic particles (known as

scatterers) that reflect some of the acoustic energy back to the ADCP. The ADCP receives and records the

reflected pulses. The reflected pulses are separated by time differences into successive, uniformly spaced

volumes called depth cells. The frequency shift (known as Doppler effect) and the time-lag change between

successive reflected pulses are proportional to the velocity of the scatterers relative to the ADCP. The ADCP

computes a velocity component along each beam; because the beams are positioned orthogonally to one
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Figure 2.21: Non-orthogonal curvilinear coordinate system.

another and at a known angle from the vertical (usually 20 or 30 degrees), trigonometric relations are used

to compute three-dimensional water velocity vectors for each depth cell. Thus, the ADCP produces vertical

velocity profiles composed of water speeds and directions at a regularly spaced interval, in our case 0.25 m.

These velocity readings are then averaged and used as a validation tool later in this section as the assimilated

velocity at the location of the ADCP obtained after using the drifter data in the quadratic programming data

assimilation algorithm will be compared to the average velocity measured by the ADCP.

2.4.4 Implementation of the method on a non-orthogonal curvilinear grid

In order to fit the channel boundary, we use a non-orthogonal curvilinear mesh. This implies a

change in coordinates as the shallow water equations and corresponding numerical scheme written earlier

on in this chapter are in cartesian coordinates. Several methods can be used such as using the distances

measured in the two directions along the lines of the mesh as new coordinates (see [22, 50] for applications

of this method to the shallow water equations and finite volume discretisation, [144] for the unstructured mesh

case and [168] for the resolution of 3D shallow water equations in non-orthogonal curvilinear coordinates).

In this work, we choose to follow the novel technique recently exposed in [59] in which the equations are

developed in terms of the local deviations from Cartesian axes.
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If Ox and Oy denote Cartesian axes while OXand OY are non-orthogonal curvilinear axes (see

Figure 2.21), the curvilinear components of the velocity (UCL, VCL) can be expressed in terms of its Carte-

sian components (UC , VC):

UCL = (UC cosβ + VC sinβ) sec(α− β)

VCL = (VC cosα− UC sinα) sec(α− β) (2.75)

Similarly, the contravariant components of the velocity (UCV , VCV ), needed for the continuity equation are

related to the Cartesian components by:

UCV = (UC cosα+ VC sinα) sec(α− β)

VCV = (VC cosβ − UC sinβ) sec(α− β) (2.76)

Conversely, the cartesian components of the velocity are given in terms of the curvilinear components

(UCL, VCL) by:

UC = UCL cosα− VCL sinβ

VC = UCL sinα+ VCL cosβ (2.77)

Using these equalities we obtain the shallow water equations in non-orthogonal curvilinear coordinates:

∂UCL
∂t

+ UCL
∂UCL
∂X

+ VCL
∂UCL
∂Y

+
(
UCL

∂UCL
∂Y

+ VCL
∂UCL
∂X

)
sin(α− β)

+ g
∂h

∂X
+ Cx,yUCL = −g ∂b

∂x
(2.78)

∂VCL
∂t

+ UCL
∂VCL
∂X

+ VCL
∂VCL
∂Y

+
(
UCL

∂VCL
∂Y

+ VCL
∂VCL
∂X

)
sin(α− β)

+ g
∂h

∂Y
+ Cx,yVCL = −g ∂b

∂y
(2.79)

∂h

∂t
+
(
∂hUCV
∂X

+
∂hVCV
∂Y

)
sec(α− β) = 0 (2.80)

The corresponding linearised equations can obtained as was done in Cartesian coordinates:

∂UCL
∂t

+
(
U0
CL(x, y, t)

∂UCL
∂Y

+ V 0
CL(x, y, t)

∂UCL
∂X

)
sin(α− β)

+ U0
CL(x, y, t)

∂UCL
∂X

+ V 0
CL(x, y, t)

∂UCL
∂Y

+ g
∂h

∂X
+ Cx,yUCL = −g ∂b

∂x
(2.81)
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∂VCL
∂t

+
(
U0
CL(x, y, t)

∂VCL
∂Y

+ V 0
CL(x, y, t)

∂VCL
∂X

)
sin(α− β)

+ U0
CL(x, y, t)

∂VCL
∂X

+ V 0
CL(x, y, t)

∂VCL
∂Y

+ g
∂h

∂Y
+ Cx,yVCL = −g ∂b

∂y
(2.82)

∂h

∂t
+
(
U0
CV (x, y, t)

∂h

∂X
+ V 0

CV (x, y, t)
∂h

∂Y
+
H0(x, y, t)∂UCV

∂X

+
H0(x, y, t)∂VCV

∂Y

)
sec(α− β) = 0 (2.83)

We then use the scheme described in Equations (2.50), (2.51), (2.52) to discretise these equations, denoting

by αi,j and βi,j the angles between the sides of the cell (i, j) and the Cartesian axes:

uni,j − u
n−1
i,j

∆t
+

1
2axi

(U0,i,j,n
CL (uni+1,j − uni−1,j) + g(hni+1,j − hni−1,j))

+

(
U0,i,j,n
CL

2ayj
(uni,j+1 − uni,j−1) +

V 0,i,j,n
CL

2axi
(uni+1,j − uni−1,j)

)
sin(αi,j − βi,j)

+
V 0,i,j,n
CL

2ayj
(uni,j+1 − uni,j−1) + Ci,ju

n
i,j = − g

2axi
(bi+1,j − bi−1,j) (2.84)

vni,j − v
n−1
i,j

∆t
+

1
2ayj

(V 0,i,j,n
CL (vni,j+1 − vni,j−1) + g(hni,j+1 − hni,j−1))

+

(
U0,i,j,n
CL

2ayj
(vni,j+1 − vni,j−1) +

V 0,i,j,n
CL

2axi
(vni+1,j − vni−1,j)

)
sin(αi,j − βi,j)

+
U0,i,j,n
CL

2axi
(vni+1,j − vni−1,j) + Ci,jv

n
i,j = − g

2ayj
(bi,j+1 − bi,j−1) (2.85)

hni,j − h
n−1
i,j

∆t

+

(
U0,i,j,n
CL sec(αi,j − βi,j) + V 0,i,j,n

CL tan(αi,j − βi,j)
2axi

(hni+1,j − hni−1,j)

+
V 0,i,j,n
CL sec(αi,j − βi,j) + U0,i,j,n

CL tan(αi,j − βi,j)
2ayj

(hni,j+1 − hni,j−1)

)

+Hi,j,n
0

(
1

2axi

(
(uni+1,j − uni−1,j) sec(αi,j − βi,j) + (vni+1,j − vni−1,j) tan(αi,j − βi,j)

)
+

1
2ayj

(
(vni,j+1 − vni,j−1) sec(αi,j − βi,j)

+(uni,j+1 − uni,j−1) tan(αi,j − βi,j)
))

sec(αi,j − βi,j) = 0 (2.86)
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where the relation between the contravariant components of the velocity and the curvilinear components:

UCV = UCL sec(α− β) + VCL tan(α− β) (2.87)

VCV = VCL sec(α− β) + UCL tan(α− β) (2.88)

has been used in the discretisation of the continuity equation.

2.4.5 Results

For each of the four drifter releases, the data was input in the QP data assimilation algorithm and

generated the assimilated velocity fields at the initial time (Figures 2.22 and 2.24). While for twin experi-

ments, a uniform coverage of the width of the river was obtained, in the present case, numerous obstacles

such as marinas or partially submerged trees prevent us from releasing drifters near the banks of the river,

resulting in most of the drifters being concentrated in the centre of the river, as can be seen from Figure 2.20.

This, in turn, results in a lack of observed data away from the middle of the river, which is compensated in our

algorithm by the background term. Therefore, we chose to use a two-dimensional shallow water simulation

provided by the software package TELEMAC as background term for each of these experiments; the approx-

imate discharge upstream and stage downstream at the time of each experiment were obtained from USGS

sensors placed near the domain (see Figure 2.19). This allowed us to improve the accuracy of the assimila-

tion algorithm compared to the situation of the twin experiments in which a uniform background term was

used. Note however that for the twin experiments, the true state was given by a TELEMAC simulation and it

was therefore impossible to use such a simulation as background term since it would render the comparison

between assimilated state and true state meaningless.

As can be seen on the velocity fields, the velocity on the sides of the river tends to be more uniform

than in the centre. This is due to the fact that since drifters are located in the centre, the background term has

a higher influence on the sides. The assimilated velocity at the location of the ADCP (in our case cell (3,5))

for each of the four experiments is compared to the velocity measured by the ADCP at that time in Figure

2.26. The respective relative errors are in chronological order: 5.4 %, 10.3 %, 11.1 % and 8.8 %; note that
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Figure 2.22: Magnitude of the assimilated velocity fields (m/s) generated by the QP algorithm for the two
November 12, 2007 experiments.
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Figure 2.23: Quiver plots of the assimilated velocity fields generated by the QP algorithm for the two Novem-
ber 12, 2007 experiments.
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Figure 2.24: Magnitude of the assimilated velocity fields (m/s) generated by the QP algorithm for the two
November 16, 2007 experiments.
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Figure 2.25: Quiver plots of the assimilated velocity fields generated by the QP algorithm for the two Novem-
ber 16, 2007 experiments.
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Figure 2.26: Comparison between the ADCP measured velocity and the assimilated velocity at the ADCP
location. Each of the four velocities corresponding to the four experiments is represented by a cross.
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these values are in the same range (5 – 10 %) as the earlier results obtained with eight drifters in the case of

twin experiments. Overall, we can see that the assimilation of experimental data collected by GPS equipped

drifters is done quickly (less than 5 seconds) and offers a very good match with the velocities measured by

an ADCP at the time of the experiments.

2.4.6 Conclusion

In this chapter, a number of data assimilation methods were presented. Two of them were applied

to a stretch of the Sacramento River located in the Sacramento-San Joaquin Delta, and their respective per-

formances were compared. The comparison was made using twin experiments, in which drifter trajectories

are simulated, implemented with experimentally measured bottom topography and boundary conditions. The

sensitivity of the different data assimilation techniques to the number of drifters, low or high discharge and

time sampling frequency was analysed and the respective computational costs of each method compared.

One of the conclusion of this study is that the quadratic programming based algorithm introduced in this

work presents a good balance of accuracy and low computational cost. While the ensemble Kalman filter

algorithm which uses the nonlinear two dimensional shallow water equations is slightly more accurate in

some cases, this is at the expense of a much higher computational time (up to 10 hours compared to the few

seconds needed for the quadratic programming algorithm) thereby precluding its use for any real time data

assimilation application. The quadratic programming method returns higher relative RMS errors when the

number of drifters is reduced from eight to four or when the time sampling frequency is changed from 30 to

60 seconds while the ensemble Kalman filter appears less sensitive to time sampling and number of drifters.

A first attempt at estimating the optimal deployment strategy was made, showing that the quadratic program-

ming requires one row of drifters released at the beginning of the assimilation period while the ensemble

Kalman filter gives better estimate when several rows of drifters are released over the assimilation period.

The quadratic programming algorithm was also applied to data collected by drifters used in the same portion

of the Sacramento River during four experiments. The comparisons between the velocity field generated by

the data assimilation algorithm and velocities measured by an Acoustic Doppler Current Profile located near
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the upstream boundary of the domain showed a good agreement between the two data sets with a low relative

error. This demonstrates the ability of this algorithm to provide the user with an accurate two dimensional

velocity field almost instantaneously; this is of great interest when it comes to dealing with unexpected events

such as flooding due to levee breach, release of a contaminant, etc. Future research directions include adding

a salinity or sediment model to the shallow water equations and applying the data assimilation algorithms in

this new setting, as well as running the quadratic programming algorithm in real time during longer experi-

ments covering a larger area. Another issue is the optimal placement of the drifters and the optimal release

points in order to maximise the accuracy of the method.
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Chapter 3

Inverse estimation and prediction of

open boundary conditions in tidal

channels

3.1 Introduction

The study of tidal forcing in bays and estuaries is crucial to the monitoring of water quality issues

in these areas [48, 167]. Depending on the application of interest and on the required accuracy, flows can be

simulated using a full three dimensional approach, or simplified models such as the one or two dimensional

shallow water equations [32]. In any case, the numerical models used need to be thoroughly calibrated with

parameters depending on geometry and flow features. In addition, a knowledge of open boundary conditions

is required for the model to perform adequately. Such boundary conditions can be inferred from measure-

ments made with fixed sensors placed at the boundaries of the domain of interest when they are available or,

as is developed in this chapter, using drifters that are circulating in the system under consideration. In this

chapter, a novel quadratic programming based variational data assimilation algorithm will be developed and
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applied to the estimation of open boundary conditions for tidal channel flows [147]. The topic of inverse esti-

mation of boundary conditions in meteorology and oceanography has been studied over the past few decades

starting with the pioneering work [137] and more recently [143, 166, 167, 169].

The need for boundary condition estimation is driven in our case by operational requirements: we

are interested in deploying drifter fleets in specific areas of the Sacramento-San Joaquin Delta for which

current sensing infrastructure and modelling capabilities are insufficient. The Sacramento-San Joaquin Delta

is at risk of extensive levee failures, which could be caused by earthquakes, flood or human activities. In

such an event, the water quality of the Delta will be negatively affected, due to sediment suspension, salin-

ity intrusion, and potentially agricultural contaminants. It is critical that transport models be available for

use following such an event, even in the case where the entire geometry of the system has been altered.

Unfortunately, existing models of the Sacramento-San Joaquin Delta rely heavily on historical data sets for

calibration. These models would be of limited utility if the system were radically altered, as would occur in

the case of extensive levee failures. The use of rapidly-deployed Lagrangian drifters and the estimation of

boundary conditions is motivated by this need: we aim to develop a sensing-modelling system that is capable

of predicting regional flows and transport in the Delta in real-time without dependence on historical data.

The timescale of interest for this analysis is on the timescale of days: we would like to be able to project

transport patterns forwards in time by a few days based on only a few days of data. The immediate objective

is to estimate open boundary conditions for a model of flows in tidal channels of the Sacramento-San Joaquin

Delta. To this end, we develop variational data assimilation techniques in which a cost function measuring the

norm of the difference between observations gathered by drifters and model predictions is minimised, subject

to constraints given by the discretised model equations; the control variables are the coefficients of the domi-

nant tidal modes present in the upstream boundary condition. A similar variational approach for Lagrangian

data assimilation in rivers applied to bottom topography estimation was presented in [75]. The estimation of

boundary conditions in the Sacramento-San Joaquin Delta using fixed sensors and data reconciliation tech-

niques was presented in [165] which presents some similarities with our work, but specifically tackles the

problem of Eulerian measurements. While a two-dimensional model could be chosen for the identification of
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the boundary conditions, its computational cost is high and can be avoided by using simpler models such as a

one dimensional model. The choice we make here is motivated by the desire to have a rapid, robust estimate

of boundary conditions that can be used in real time flow simulations. A somewhat similar approach was

used in [57] as a one dimensional shallow water model was combined with a local two dimensional model

through optimal control methods. In [55, 56], a method for the estimation of open boundary conditions for the

Navier-Stokes equations with a free surface from fixed depth and velocity measurements is developed. All the

articles mentioned above use the adjoint method combined with a quasi Newton solver to solve a variational

problem. The adjoint method has the main drawback of a high computational cost as 50 to 100 iterations are

usually required which corresponds to 100 to 200 numerical resolutions of the direct and adjoint equations.

Additionally, the nonlinearity of the problem means that convergence to a global minimum is not guaranteed.

In this chapter we use a quadratic programming approach which eliminates both issues. Indeed, since the

cost function is quadratic, this problem can be solved as a quadratic program provided the constraints are

linear. Another novelty in this work is the use of drifters for the estimation of boundary conditions while the

other articles previously mentioned rely on fixed measurement stations. Note also that unlike adjoint based

optimisation, the quadratic programming technique used in the present chapter does not require the definition

and resolution of an adjoint (backward) problem.

This chapter is organised as follows: we start by presenting the basics of tidal channels and we state

the problem solved; we then use standard data assimilation terminology to develop the estimation algorithm;

twin experiments settings are later described before the results for estimation and prediction of tidal flow are

presented and analysed.

3.2 Tidal channels

Tidal channels are bodies of water in which periodic changes in the water level and velocity field

occur under the influence of tides, along the dominant tidal frequencies such as the K1 tide generated by the

Sun, the M2 tide generated by the Moon or the MK3 shallow water tide created by the nonlinear interaction
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Figure 3.1: Phase effect in a branching channel [48]. (a) A cloud of tracer being carried upstream on a
flooding tide. (b) At high water some of the particles are trapped in the branch. (c) During the early stages
of the receding tide the flow in the main channel is still upstream. The particles trapped in the branch reenter
the main channel, but are separated from their previous neighbours.

between the K1 and M2 tides resulting from the bottom friction. In channel networks, tidal trapping [48]

describes the effects of side embayments and small branching channels which are enhanced by tidal action,

as first noted in [138]. An example of tidal trapping can be seen in Figure 3.1 which represents a main channel

with a number of side branches. Typically, the tidal elevations and velocities in the main channel are not in

phase, with high water occurring before high slack tide and low water before low slack tide, due to a higher

flow momentum in the main channel with respect to the side channel. In the former, the current will continue

to flow against an opposing pressure gradient while in the latter the current direction changes as the water

level begins to drop. Figure 3.1(a) shows a cloud of tracer particles being carried upstream by a flooding

tide. Some of the particles go into the side channel while some continue upstream in the main channel as

can be seen in Figure 3.1(b). As the water level begins to decrease, the particles in the side channel return

into the main channel but separated from the rest of the cloud (Figure 3.1(c)). To summarise, tidal trapping

occurs due to phase effects, with the flow directions changing at different times in the deeper and shallower

branches. The implications for transport and dispersion are profound and tidal trapping is likely the dominant
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dispersion mechanism in such systems.

The flow in such a channel can be modelled using two dimensional shallow water equations such

as [161] and as presented earlier in equations (2.11), (2.12), (2.13):

ut + uux + vuy + ghx + gbx − Fx = 0 (3.1)

vt + uvx + vvy + ghy + gby − Fy = 0 (3.2)

ht + uhx + vhy + hux + hvy = 0 (3.3)

where (u, v, h) represent the velocity components and water depth, b the bottom elevation, g the acceleration

of gravity and (Fx, Fy) the viscous forces term.

3.2.1 Problem description

An accurate simulation of tidal trapping relies on a prediction of the phase differences which is

usually estimated according to historical data sets. In this article, our goal is to estimate open boundary

conditions, more precisely the amplitudes and phases corresponding to the main four to eight tidal modes

using velocity and position measurements provided by a number of drifters which are released on a portion

of the Sacramento river located in the Sacramento-San Joaquin Delta in California. While the model used for

the data assimilation problem is two dimensional, the estimation of the boundary conditions is performed on

a one dimensional model which yields substantial benefits with respect to the size of the problem solved and

therefore the computational time. The use of a one-dimensional estimation of the open boundary conditions

is justified by the rapid lateral adjustment time of the free surface (less than 1 min); furthermore, the velocity

profile can be reconstructed using interpolation from the average velocity in the cross-section. For example,

in the case of the software package TELEMAC 2D [72] used in this work, the velocity profile is reconstructed

with the assumption that the velocity is proportional to the square root of the depth along the cross section.

The algorithm proposed by this article consists in minimising the difference between measured

velocity at the location of the drifter, and velocity estimated by the model. The constraints are the constitutive

equations for the water, discretised in a linear manner. The decision variables, i.e. the variables with respect
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to which the optimisation is run are the upstream boundary conditions in the form of the coefficients of the

dominant tidal modes. The problem thus consists in identifying the proper forcing at the upstream boundary

of the domain, using Lagrangian sensing only.

In the next section we present the cost function to be minimised using the standard formulation of

variational data assimilation, the one dimensional shallow water equations and linearised numerical scheme

used as constraints.

3.3 Estimation algorithm

3.3.1 Notations

We start this section by defining the variables which will appear in the rest of this chapter. As in

the previous chapter, we employ the traditional notations of variational data assimilation, set forth in [78].

Xn : vector of discretised state variables, namely the velocity component u and the water height h for each

mesh point at a time instant tn,

Yn : vector of observed variables, namely the velocity components u and (potentially) the water height h for

some mesh points at a time instant tn,

Rn : covariance matrix of the observation error (difference between the value of the state variables and

observed variables at each mesh point),

Hn : Hn = hon ◦ hI is the observation operator; the operator hon projects the space into the observation

subspace. The operator hI is the interpolation function. In general Hn is nonlinear although we

manage to use a linear operator in our case by using the a posteriori knowledge of the position of the

measurements, therefore encoded as a time dependent observation matrix.

We minimise the following cost function:

J o(Uup) =
n∑
n=0

(Y on −Hn[Xn])TR−1
n (Y on −Hn[Xn]) (3.4)
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with respect to the boundary conditions Uup upstream, using as constraints the one dimensional linear discre-

tised shallow water equations presented next.

3.3.2 One-dimensional numerical scheme

We choose to use a one dimensional linearised shallow water model to estimate the upstream

boundary condition, and then use this as input in a nonlinear two dimensional solver which will generate

a simulation of the flow taking into account the full geometry of the river. Compared to implementing a two

dimensional shallow water model, this method presents the added advantage of greatly reducing the size of

the quadratic program (by a factor at least 10 in our case) therefore allowing us to run the algorithm over

extended time horizons (50 hours in the present case) for an acceptable computational cost (a few seconds on

a desktop computer). Indeed for the example that will be considered in the following, the quadratic program

has about 25,000 variables and is solved almost instantaneously by barrier methods. However, if we were to

use a two-dimensional approach, the size of the problem would increase to at least 250,000 variables which

exceeds the capacities of standard quadratic programming solvers.

The nonlinear one-dimensional shallow water equations can be written as:

∂H

∂t
+
∂HU

∂x
= 0 (3.5)

∂U

∂t
+ U

∂U

∂x
+ g

∂H

∂x
+ g

∂b

∂x
+ g

U |U |
C2H

= 0 (3.6)

where H is the water depth, b the one dimensionally averaged bottom elevation, U the velocity, and C

the Chézy friction coefficient related to the Manning coefficient m (presented later for the two dimensional

model) by: C = H
2
3

m .

We replace the friction term from equation (3.6) by an empirical drag coefficient r = g |U0|
C2H0

and

linearise equations (3.5) and (3.6) in the case of small perturbations around a nominal flow (U0(x, t), H0(x, t)),

with U = u + U0, H = h + H0. We then neglect the derivatives of the nominal variables (see for example
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[163]) to obtain:

∂h

∂t
+H0(x, t)

∂u

∂x
+ U0(x, t)

∂h

∂x
= 0 (3.7)

∂u

∂t
+ U0(x, t)

∂u

∂x
+ g

∂h

∂x
+ g

∂b

∂x
+ ru = 0 (3.8)

The Preissmann scheme (see [130, 158]) is applied to these equations yielding:

hn+1
i+1 − h

n
j+1 + hn+1

i − hni = −H0
∆t
∆x

(un+1
i+1 − u

n+1
i + uni+1 − uni )

− U0
∆t
∆x

(hn+1
i+1 − h

n+1
i + hni+1 − hni ) (3.9)

un+1
i+1 − u

n
i+1 + un+1

i − uni = −U0
∆t
∆x

(un+1
i+1 − u

n+1
i + uni+1 − uni )

− g ∆t
∆x

(hn+1
i+1 − h

n+1
i + hni+1 − hni )− runi − g

2∆t
∆x

(bi+1 − bi) (3.10)

where i denotes the space step and n the time step. This is an implicit scheme which allows us to choose

fewer time steps than in the explicit case. This scheme was used as constraints in a quadratic program

minimising the L2 norm of the difference between the observed velocity and water height and the variables

obtained through the Preissmann scheme. This algorithm will be used in the following to estimate boundary

conditions for tidal flows, running a simulation for 50 hours and attempting to estimate up to eight modes.

3.3.3 Modelling assumptions

We can now pose the estimation problem as a quadratic optimisation problem. Using simulated

drifter trajectories, we estimate the amplitude and phase associated with four to eight dominant frequencies

and the signal thus obtained is compared to the original flow. The coefficients representing the amplitudes

of the main modes are estimated using a data assimilation algorithm which consists in minimising the cost

function (3.4) with respect to the constraints given by the Preissmann scheme detailed earlier. The boundary

condition is specified as:

uup(t) = a0 +
Nmodes∑
k=1

ak cos(ωkt) + bk sin(ωkt) (3.11)
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where ωk = 2π
Tk

is the frequency associated to one of the periods identified in the spectral analysis of the

data. The coefficients (ak, bk) fully characterise the boundary conditions and the data assimilation problem

is posed in a way which makes them decision variables.

3.3.4 Optimisation program

The control variables are the coefficients (ak, bk). The discretised dynamics of the flow are encoded

in the form of linear constraints through the Preissmann scheme developed above. As in the previous chapter,

while the numerical scheme is implicit, i.e. it can be written in the form EZn+1 = AZn + Bun (where

Bun comes from the bottom elevation term in the one dimensional shallow water equations), the quadratic

program can incorporate the constraints at no further cost or complication. Note that this is a major advantage

of the quadratic programming approach over techniques such as Kalman filtering, which would require an

explicit inversion of the Preissmann scheme, so that it could be expressed as a linear time invariant system

Zn+1 = AZn + Bun. We concatenate the vectors Zn for all n into a single vector called X , and abbreviate

the dynamics constraints by CX = b, where this equation encodes the discretised flow equations. The search

space {(ak, bk), 1 6 k 6 Nmodes} from which all other quantities depend is allowed to evolve in a set of

feasible initial conditions dictated by flow physics. Because (uni , h
n
i ) cannot take arbitrary values, the space

in which X evolves can also be restricted to increase the speed of convergence of the method. These two

constraints are encoded in the form of an inequality,GX 6 h. Finally, using the previous variable definitions,

equation (3.4) can be written as:

minimise J(Xup) = 1
2X

TPX + qTX + r

subject to GX 6 h

AX = b

(3.12)

The constraints are thus as follows:

• The components (uni , h
n
i ) of X must verify the Preissmann scheme at all space and time steps.

• State variables have to satisfy boundary and initial conditions (Xup represents the boundary conditions
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upstream and is related to the state of the system X through the linearised Preissmann scheme).

• Inequality constraints need to keep (uni , h
n
i ) in a realistic set (in our case positivity of the water height

and bound on the absolute value of the velocity |u| < 10 m/s).

3.4 Numerical experiment setting

A standard benchmark for the validation of data assimilation algorithms is the twin experiment

which consists in comparing the true state of the system with the assimilated state. For this, a forward

simulation is run from time t0 to time T using a two dimensional nonlinear shallow water model, yielding the

so-called true state at every time instant between t0 and T . At a chosen time t1, drifters are released from the

upstream end and their trajectories are simulated using a Runge-Kutta method and the vector field provided by

the nonlinear shallow water forward simulation; then, a data assimilation process is started and the estimated

boundary conditions are computed and compared with the true boundary conditions. In the present case, the

true state of the river and the position of the drifters are generated using the software TELEMAC 2D and we

realise several experiments with and without tidal flow reversal in order to test the influence of the number of

modes estimated on the accuracy of the algorithm. The boundary conditions for the two dimensional forward

simulation are computed using the Delta Simulation Model II (DSM2) [9] (Figure 3.2), a one dimensional

model of the Sacramento-San Joaquin Delta that provides discharge and surface elevation at various locations

every hour.

3.4.1 Description of the experimental protocol

As in the previous chapter, the domain considered is a portion of the Sacramento River comprised

between the Delta Cross Channel and the Georgiana Slough in the Sacramento-San Joaquin Delta (Figure

2.4).

The boundary conditions are computed using the Delta Simulation Model II (DSM2) (Figure 3.2),

a model of the San Francisco Bay and Sacramento-San Joaquin Delta that provides discharge and surface
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Figure 3.2: Hourly evolution of the flow over a 50 hour period in October 2006 (top) and March 2006 (bottom)
used as boundary condition in the data assimilation algorithm.
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elevation at various locations every hour.

The governing hydrodynamic equations used in the simulation run with TELEMAC 2D are a ver-

sion of the two dimensional shallow water equations incorporating friction forces and a specific turbulence

model:

ut + uux + vuy + ghx = −gbx + Fx +
1
h
∇ · (hνt∇u) (3.13)

vt + uvx + vvy + ghy = −gby + Fy +
1
h
∇ · (hνt∇v) (3.14)

ht + (hu)x + (hv)y = 0 (3.15)

The friction forces are given by the following Manning law:

Fx = − 1
cosα

gm2

h4/3
u
√
u2 + v2 (3.16)

Fy = − 1
cosα

gm2

h4/3
v
√
u2 + v2 (3.17)

where h is the total depth of water, (u, v) is the velocity field, g is the acceleration of gravity, b is the bottom

elevation, νt is the coefficient of turbulence diffusion obeying the so called k-epsilon model (see [133] for

more details), α = α(x, y) is the slope of the bottom, and m is the Manning coefficient (usually denoted by

n). In the present case, the Manning coefficient is chosen to be constant in time and space and equal to 0.02,

corresponding to a highly frictional bottom.

3.4.2 Initial and boundary conditions

The boundary and initial conditions of equations (3.13), (3.14), (3.15) are given by

u(x, y, t)
∣∣
∂Ωland

= 0, v(x, y, t)
∣∣
∂Ωland

= 0, (3.18)

(u(x, y, t), v(x, y, t))
∣∣
∂Ωupstream

= f(x, y, t), (3.19)

η(x, y, t)
∣∣
∂Ωdownstream

= g(x, y, t), (3.20)

u(x, y, 0) = u0, v(x, y, 0) = v0, h(x, y, 0) = h0, (3.21)

where ∂Ω represents the boundaries of our computational domain and f, g are known functions (in the present

case obtained from experimental measurements and the DSM2 numerical tool).
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Figure 3.3: Velocity of the drifter during the simulation in the case of tidal inversion. The dots indicate the
release of a new drifter.

3.4.3 Lagrangian drifters

In addition to the equations (3.13), (3.14) and (3.15) describing the flow dynamics, we model the

deployed drifters as passive Lagrangian tracers. Hence, the drifters move with the local fluid velocity, obeying

the following equations:

dxD(t)
dt

= u[xD(t), yD(t), t], (3.22)

dyD(t)
dt

= v[xD(t), yD(t), t], (3.23)

with the initial conditions

xD(0) = xD,0, yD(0) = yD,0. (3.24)

Equations (3.22) and (3.23) have to be understood for each xD and yD corresponding to a specific drifter.

The simulation runs for two and a half hours before the drifters are released so that a stable state is

reached. A simulation is run using TELEMAC 2D during a 50 hour period in October 2006, during which
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tidal flow reversal occurs and during another 50 hour period in March 2006 in which flow is unidirectional

(due to freshwater flow). The release of drifters is simulated during this period (see Figure 3.3) with a

drifter being released from one end or the other depending on the direction of the flow since a tidal reversal

occurs eight times during the simulation (drifter releases are indicated by red dots on the graph). The nearly

vertical lines at the top of each sinusoid correspond to the velocity of the drifter along the river, the velocity

decreasing as the drifter floats down the channel. The positions and velocities of the drifters are recorded

every 10 minutes and used in the data assimilation algorithm. Note that for these twin experiments, the only

observations from the channel flow are those given by the drifters. A drifter is released from the upstream

end whenever the previous drifter exits the domain so that there is one drifter in the model domain at all time

during the simulation.

3.5 Results and analysis

3.5.1 Tidal flow in the Sacramento river

Eight years of hourly data coming from a DSM2 simulation of the Delta were available for the

study. The spectral analysis of the DSM2 data for the month of October 2006 shows eight dominant frequen-

cies (see Figure 3.4). A similar work is done with DSM2 data from March 2006, a situation in which there is

no tidal reversal (see Figure 3.2). The spectral analysis of the flow during the month of March 2006 shows a

highly dominant nominal flow with minimal amplitudes for the other modes. These results and a description

of each tidal mode are given in tables 3.1 and 3.2.

Symbol Species Period (hr)
O1 Lunar diurnal 25.81933871
K1 Lunar diurnal 23.93447213
N2 Larger lunar elliptic semidiurnal 12.65834751
M2 Principal lunar semidiurnal 12.4206012

MK3 Shallow water terdiurnal 8.177140247
M4 Shallow water overtides of principal lunar 6.210300601
M6 Shallow water overtides of principal lunar 4.140200401
M8 Shallow water eighth diurnal 3.105150301

Table 3.1: Description and period of the main tidal modes encountered in the Sacramento-San Joaquin Delta.
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Figure 3.4: Spectral decomposition of the flow in the Sacramento River using DSM2 data for the month of
October 2006.
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Tide Amplitude (October 2006) Amplitude (March 2006)
Mean flow 2400 cfs 25215 cfs

O1 1983 cfs 819 cfs
K1 2646 cfs 6036 cfs
N2 2574 cfs 747 cfs
M2 6926 cfs 3110 cfs

MK3 2002 cfs 2476 cfs
M4 908 cfs 1508 cfs
M6 468 cfs 115 cfs
M8 527 cfs 87 cfs

Table 3.2: Amplitudes of the main tidal modes in October 2006 (tidal inversion) and March 2006 (no
inversion).

3.5.2 Estimation of flow

Either four or eight modes are estimated using the data assimilation algorithm from which the flow

is reconstructed and compared to the original DSM2 data. The relative Root Mean Square error (RMS) given

by:

E =

(∑50
n=1 |utup(n)− uaup(n)|2∑50

n=1 |utup(n)|2

) 1
2

(3.25)

where utup(n) and uaup(n) represent respectively the true one dimensional boundary conditions (DSM2 data)

and the assimilated one dimensional boundary conditions at time step n. The quadratic program is solved

with CPLEX, a large scale quadratic programming solver, using a barrier method. Depending on whether

four or eight modes are used, the relative RMS error of the flow obtained is respectively 15.6% and 7.2%.

The comparative plots of the reconstructed flow and the true flow are given in Figure 3.5.

A twin experiment similar to the one presented above realised in March 2006 yields a relative RMS

error of 7.2% and 4.6% for four and eight modes respectively (see Figure 3.6). The errors are smaller than in

the October 2006 case which may be explained by the fact that the linear model used in the data assimilation

algorithm is a better fit when there is no flow reversal. Indeed, during the flow reversal around slack water,

nonlinear effects are likely to be more pronounced given that the overall flow is very low.
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Figure 3.5: Hourly evolution of the true and assimilated flow using four modes (top) or eight modes (bottom)
over a 50 hour period with tidal inversion (October 2006).
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Figure 3.6: Hourly evolution of the true and assimilated flow using four modes (top) or eight modes (bottom)
over a 50 hour period with no tidal inversion (March 2006).
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Figure 3.7: Hourly evolution of the true and assimilated flow using four modes (top) or eight modes (bottom)
over a one week period with tidal inversion (October 2006).
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Figure 3.8: Hourly evolution of the true and assimilated flow using four modes (top) or eight modes (bottom)
over a one week hour period with no tidal inversion (March 2006).
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Modes Error (October 2006) Error (March 2006)
Mean, K1, M2, MK3, M4 15.6% 7.8%
Mean, K1, M2, MK3, M4,

M6, M8, O1, N2 7.2% 4.6%

Table 3.3: Relative RMS error of the estimated flow for four and eight modes in October 2006 (tidal inversion)
and March 2006 (no inversion).

3.5.3 Prediction of flow evolution

The next experiment aims to evaluate the predictive capabilities of this data assimilation algorithm.

Namely, once the amplitudes corresponding to the dominant frequencies have been estimated, we try to

reconstruct the signal for a one week period and compare it with the DSM2 data. For the first data set from

October 2006 which presents a flow reversal, the relative RMS error is 39.7% and 37.3% for four and eight

modes respectively (see Figure 3.7). The increase of the flow in the last few days of the week considered is

not predicted by either reconstructed flow hence the similar relative RMS error.

In the case of the data set from March 2006, the relative RMS error is 30.6% and 28.4% for four

and eight modes respectively (see Figure 3.8). Once again, the decrease of the flow in the second half of the

period considered is not predicted by either of the reconstructed flows which explains the almost identical

error for four and eight modes signals.

When eight modes are considered, the results presented in Figure 3.9 show that adding the larger

lunar elliptic semidiurnal tide N2 does however reduce the error at the beginning of the prediction period

(Figure 3.9) but the prediction error remains above 30% over a one week period. It would appear that events

other than tidal forcing (such as reservoir release or local precipitation) influence the flow in the Sacramento

Delta; this is confirmed by the comparison between the spectra of the flow three weeks before and three

weeks after the experiment period (Figure 3.10) which shows significant differences in the amplitude of the

mean flow (4200 cfs before and 2830 cfs after the experiment) and the M2 tide (3105 cfs before and 3800 cfs

after) thereby limiting the predictive capability of an algorithm based on identifying tidal components over a

short period of time. In the case without tidal reversal, the amplitudes of the O1, M6, M8 and N2 tides are

too small compared to the mean flow and other dominant tides for their inclusion to have a significant effect
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Figure 3.9: Evolution of the relative RMS error after of the observation period with four and eight modes
considered.

on the estimation error. The preceding results are summarised in table 3.4.

Modes 50 hours 4 days 1 week
(10/06) (03/06) (10/06) (03/06) (10/06) (03/06)

4 modes 15.6% 7.8% 22.6% 15.1% 39.7% 30.6%
8 modes 7.2% 4.6% 17.9% 11.2% 37.3% 28.4%

Table 3.4: Relative RMS error of the estimated flow for four and eight modes in October 2006 (tidal inversion)
and March 2006 (no inversion) after 50 hours, four days and one week.

3.6 Conclusion

In this chapter, a novel data assimilation algorithm was developed applied to estimate open bound-

ary conditions for a tidal channel in the Sacramento San-Joaquin Delta. Its performance was assessed using

twin experiments. Given that tidal forcing is dominant, the focus was placed on identifying the main fre-

quencies and then estimating their corresponding amplitudes. Using 50 hours of DSM2 data, the flow in the
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Figure 3.10: Comparison of the spectra of the flow in the Sacramento River three weeks before the October
2006 experiment and three weeks after. Note the significant difference of amplitude in the mean flow and M2
tide.
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Sacramento River was simulated with TELEMAC 2D and drifter trajectories were generated both in a revers-

ing tidal flow and when the flow does not reverse. The velocities of the drifters along the trajectories were

used to estimate the amplitude of the main four to eight modes and enabled us to generate a reconstructed

flow which was compared to the original DSM2 data. The relative root mean square error varies from 15.6%

to 4.6% depending on whether a flow reversal occurs and on the number of modes estimated. This shows

that during the period of time that observations are available, the inverse model is able to effectively estimate

the harmonic constants and reproduce the flows. It is important to note that we have not constrained the

tidal amplitudes or phases in any way: the only tidal information added are the frequencies of the dominant

modes. For them, the case we consider here is a stringent one on which there is only one drifter available;

most Lagrangian measurements include a number of drifters which would improve the ability to estimate

boundary conditions.

Considering projections in time beyond the observation period, the ability of the harmonics to track

the true values is somewhat limited. An attempt was made to evaluate the predictive capabilities of the

algorithm by comparing the reconstructed flow and DSM2 data over a period of one week. The prediction

error was found to be between 22.6% and 11.2% after four days and 39.7% and 28.4% after one week. The

relatively high value of the RMS error after one week appears to be due to the fact that tidal harmonics are

limited in their ability to predict flows in this reach of the Sacramento Delta, where unsteady freshwater flows

influence the evolution. Indeed, a comparison of the tidal spectra three weeks before and after the experiment

reveals significant differences in the amplitudes of the main tidal modes which limit the predictive capability

of an algorithm based on identifying tidal components over a short period of time (50 hours).
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Chapter 4

Highway traffic flow modelling,

simulation and control

4.1 Introduction

This work is motivated by recent research efforts which investigate the problem of simulating,

estimating, and controlling highway traffic flow with metering strategies that can be applied at the on-ramps

of the highway (see in particular [150] and references therein). Several models have been developed over the

years [90], some of which were based on a microscopic approach analogous to the Boltzmann equation for

gases [70, 131, 132], while others were macroscopic conservation laws similar to fluid dynamics equations

[14, 103, 134]. One of the macroscopic approaches, called Lighthill-Whitham-Richards (LWR) theory, will

be used in this chapter; it relies on a scalar hyperbolic conservation law, with a concave flux function. So

far, very few articles have tackled the problem of boundary control of scalar conservation laws in bounded

domains in an explicit manner directly applicable for engineering purposes. Unlike the viscous Burgers

equation, which has been the focus of numerous ongoing studies, very few results exist for the inviscid

Burgers equation, which is traditionally used as a model problem for hyperbolic conservation laws, although
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differential flatness [128] and Lyapunov theory [92] have been explored and appear as promising directions

of future investigations. The proper notion of weak solution for the LWR partial differential equation (PDE),

called entropy solution, was first defined by Oleinik [124] in 1957. Even though this work was known to

the traffic community, it does not (as far as we know) appear explicitly in the transportation literature before

1990 with the work of Ansorge [10]. The entropy solution has since been acknowledged as the proper weak

solution to the LWR PDE [40] for traffic models. Unfortunately the work of Oleinik in its initial form [124]

does not hold for bounded domains, i.e. it would only work for infinitely long highways with no on-ramps or

off-ramps. Bounded domains, i.e. highways of finite length (required to model on and off-ramps) imply the

use of boundary conditions, for which the existence and uniqueness of a weak solution is not straightforward.

The first result of existence and uniqueness of a weak solution of the LWR PDE in the presence of boundary

conditions follows from the work of Bardos, Le Roux and Nédélec [17], in the more general context of a first

order quasi-linear PDE on a bounded open set of Rn. In particular, they introduce a weak formulation of the

boundary conditions for which the initial-boundary value problem is well-posed.

We begin by explaining that in general, one cannot expect the boundary conditions to be fulfilled

point-wise a.e. (almost everywhere) and we provide several examples to illustrate this fact. We then turn to

the specific case of highway traffic flow, for which we are able to state a simplified weak formulation of the

boundary conditions, and prove the existence and uniqueness of a weak solution to the LWR PDE, the former

resulting from the convergence of the associated Godunov scheme to the entropy solution of the PDE. This

represents a major improvement from the existing traffic engineering literature, where boundary conditions

are expected to be fulfilled point-wise and therefore existence of a solution and convergence of the numerical

schemes to this solution are not guaranteed. We illustrate the applicability of the method and the numerical

scheme developed in this work with a highway scenario, using data from the Interstate-80 highway, obtained

from the Berkeley Highway Laboratory [95]. In particular, we show that the model is able to reproduce flow

variations on the highway with a very good accuracy over 24 hours in both free flow and congestion modes.

The last part is devoted to the boundary control of the LWR PDE and its application to an optimisation

problem, in which boundary control is used to minimise travel time on a given stretch of highway.
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4.1.1 Need for weak boundary conditions

This section shows three examples of the sort of trouble one runs into when prescribing the bound-

ary conditions in the strong sense. Unfortunately, numerous articles, in particular in the transportation engi-

neering community, solve a discrete version of this type of problems. Regardless of the numerical schemes

used (Godunov [62], Jameson-Schmidt-Turkel [84, 85], Daganzo [39, 40]), if boundary conditions are not im-

posed in the weak sense, the numerical solution provided by these schemes is meaningless as far as the PDE

problem is concerned. Indeed, while the numerical schemes listed above might still yield a numerical output,

this numerical data would correspond to an initial boundary-value problem that does not have a solution in

the first place (because the corresponding continuous problem is usually ill-posed). To sum up, boundary

conditions may only be prescribed on the part of the boundary where the characteristics are incoming, that is

entering the domain.

Example 1: advection equation. We start by considering the simple example where the propagation

speed is a constant c,

∂ρ

∂t
+ c

∂ρ

∂x
= 0 for (x, t) ∈ (a, b)× (0, T ). (4.1)

In that case, one can clearly see that the boundary condition is either prescribed on the left (x = a) if the

speed c is positive or the right (x = b) if the speed is negative. While finding the sign of the speed is quite

simple in the linear case, this becomes more subtle when dealing with a nonlinear conservation law such as

the LWR PDE as this sign is no longer constant.

Example 2: LWR PDE, shock wave back-propagation due to a bottleneck. For this example, we

consider the LWR PDE with a Greenshields flux function [66]:

∂ρ

∂t
+ v

(
1− 2ρ

ρ∗

)
∂ρ

∂x
= 0 (4.2)

where ρ = ρ(x, t) is the vehicle density on the highway, ρ∗ is the jam density and v is the free flow density

(see [39, 40] for more explanations on the interpretation of these parameters). We consider a road of length

L = 30, ρ∗ = 4 and v = 1 (dummy values), and an initial density profile given by ρ0(x) , ρ(x, 0) = 2 if

x ∈ [0, 10], ρ0(x) , ρ(x, 0) = 4 if x ∈ (10, 20], ρ0(x) , ρ(x, 0) = 1 if x > 20. The highway might be

bounded or unbounded on the right at x = L = 30 (it does not matter for our problem). We assume free
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Figure 4.1: Left: Characteristics for the solution of the LWR PDE for Example 2. Right: corresponding
value of the solution at successive times. The arrow represents the value of the input at x = 0, which
becomes irrelevant for t > 20.

flow conditions at x = L, that we can control the inflow at x = 0, and we try to prescribe it point-wise, i.e.

ρ(0, t) = 2 for all t (this corresponds to sending the maximum flow onto the highway). The solution to this

problem can easily be computed by hand (for example by the method of characteristics, see Figure 4.1, left).

The solution to this problem reads

ρ(x, t) = 2 if t 6 2(10− x) AC: shock

ρ(x, t) = 4 if 2(10− x) 6 t 6 20− x BC: left edge of expansion wave

ρ(x, t) = 2(1− (x− 20)/t) if t > max{20− x, 2(x− 20)} CBD: expansion wave

ρ(x, t) = 1 if t 6 2(x− 20) BD:right edge of expansion wave

(4.3)

As can be seen, limx→0+ ρ(x, t) = 2 for t 6 20 and limx→0+ ρ(x, t) = 2(1 + 20/t) for t > 20. Thus,

the boundary condition ρ(0, t) = 2 is no longer verified as soon as t > 20. This phenomenon is crucial in

traffic flow models: it represents the back-propagation of congestion (i.e. upstream). If the location x = 0

was the end of a link merging into the highway (that we could potentially control), the case when ρ(0+, t) >

ρ∗ is congested would correspond to a situation in which the upstream flow (x = 0−) is imposed by the

downstream flow (x = 0+), i.e. the boundary condition on the left becomes irrelevant. When ρ(0+, t) < ρ∗

is not congested, the boundary condition is relevant and can be imposed point-wise.

Example 3: Burgers equation. We now consider the inviscid Burgers equation on (0, 1) × (0, T ).

If we try to prescribe strong boundary conditions at both ends, the problem becomes ill-posed. The Burgers
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equation reads:

∂u

∂t
+ u

∂u

∂x
= 0 (4.4)

We set the initial value u(x, 0) = 1, and the boundary conditions u(0, t) = u(1, t) = 0 on [0, 1]. The solution

of (4.4) with these boundary conditions is for t < 1 :
u(x, t) = x

t if x < t self similar expansion wave

u(x, t) = 1 if x > t convection to the right with speed 1
(4.5)

We notice that the boundary condition is not satisfied at x = 1. Since the data propagates at speed u, the

characteristics are leaving [0, 1] at x = 1 while they stay in [0, 1] as a rarefaction wave at x = 0.

4.2 Scalar conservation laws

4.2.1 Proof of uniqueness

We consider a mixed initial-boundary value problem for a scalar conservation law on (a, b)×(0, T ).

∂ρ

∂t
+
∂q(ρ)
∂x

= 0 (4.6)

with the boundary conditions

ρ(a, t) = ρa(t) and ρ(b, t) = ρb(t) on (0, T ) (4.7)

and the initial condition

ρ(x, 0) = ρ0(x) on (a, b). (4.8)

As usual with nonlinear conservation laws, in general there are no smooth solutions to this equation and we

have to consider weak solutions (see for example [24], [43], [142]). In this chapter we use the space BV of

functions of bounded variation which appears very often when dealing with conservation laws. A function

of bounded variation is a function in L1 whose gradient is a signed measure, the positive and negative parts

of which have finite mass. We refer the intrigued readers to [4] for many more properties and applications of

BV functions. Other valuable references on BV functions include [44] and [160].
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In our problem, we make the assumption that the flux q is continuous and that the initial and

boundary conditions ρ0, ρa, ρb are functions of bounded variation. When the flux q models the flux of cars in

terms of the car density ρ we obtain the LWR PDE. As explained earlier on, boundary conditions may not be

fulfilled point-wise almost everywhere, thus following [17], we shall require that an entropy solution of 4.6

satisfy a weak formulation of the boundary conditions:

L(ρ(a, t), ρa(t)) = 0 and R(ρ(b, t), ρb(t)) = 0 (4.9)

where

L(x, y) = sup
k∈I(x,y)

(sgn(x− y)(q(x)− q(k))) and (4.10)

R(x, y) = inf
k∈I(x,y)

(sgn(x− y)(q(x)− q(k))) for x, y ∈ R (4.11)

and I(x, y) = [inf(x, y), sup(x, y)], where sgn denotes the sign function. In the case of a strictly concave

flux (such as the Greenshields [66] and Greenberg [65] models used in traffic flow modelling), a simplified

formulation of the boundary conditions can be developed (Le Floch gives analogous conditions in the case of

a strictly convex flux in [98]):

ρ(a, t) = ρa(t) and q′(ρa(t)) > 0 or

q′(ρ(a, t)) 6 0 and q′(ρa(t)) 6 0 or

q′(ρ(a, t)) 6 0 and q′(ρa(t)) > 0 and q(ρ(a, t)) 6 q(ρa(t))

(4.12)

Similarly, the boundary condition at b is:

ρ(b, t) = ρb(t) and q′(ρb(t)) 6 0 or

q′(ρ(b, t)) > 0 and q′(ρb(t)) > 0 or

q′(ρ(b, t)) > 0 and q′(ρb(t)) 6 0 and q(ρ(b, t)) 6 q(ρb(t))

(4.13)

As noticed in [98], we can always assume the boundary data are entering the domain at both ends. Indeed, if

for example q′(ρa(t)) < 0 on a subset I of R+ of positive measure, the boundary data:

ρ̃a(t) =


q′−1(0) if t ∈ I

ρa(t) otherwise

(4.14)
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will yield the same solution. With this assumption the boundary conditions can be written as:
ρ(a, t) = ρa(t) or

q′(ρ(a, t)) 6 0 and q(ρ(a, t)) 6 q(ρa(t))

(4.15)

and 
ρ(b, t) = ρb(t) or

q′(ρ(b, t)) > 0 and q(ρ(b, t)) 6 q(ρb(t))

(4.16)

We can now define an notion of entropy solution for a scalar conservation law 4.6 with initial and boundary

conditions.

Definition: A solution of the mixed initial-boundary value problem for the PDE 4.6 is a function

ρ ∈ L∞((a, b)× (0, T )) such that for every k ∈ R, ϕ ∈ C1
c ((0, T )), the space of C1 functions with compact

support, and g ∈ C1
c ((a, b)× (0, T )) with ϕ and g nonnegative:

∫ b

a

∫ T

0

(|ρ− k|∂g
∂t

+ sgn(ρ− k)(q(ρ)− q(k))
∂g

∂x
)dxdt > 0 (4.17)

and there exist E0, EL, ER three sets of measure zero such that :

lim
t→0,t/∈E0

∫ b

a

|ρ(x, t)− ρ0(x)|dx = 0 (4.18)

lim
x→a,x/∈EL

∫ T

0

L(ρ(x, t), ρa(t))ϕ(t)dt = 0 (4.19)

lim
x→b,x/∈ER

∫ T

0

R(ρ(x, t), ρb(t))ϕ(t)dt = 0 (4.20)

With this definition, we now establish the uniqueness by proving an L1-semigroup property following the

method introduced in [93] (see also [89], [126] and [139]). Let ρ, σ be two solutions of 4.6, ϕ and ψ two test

functions in C1
c ((0, T )) and C1

c ((a, b)) respectively and nonnegative; the aforementioned definition yields:

∫ b

a

∫ T

0

(|ρ(x, t)− σ(x, t)|ψ(x)ϕ′(t)

+sgn(ρ(x, t)− σ(x, t))(q(ρ(x, t))− q(σ(x, t)))ϕ(t)ψ′(x))dxdt > 0 (4.21)
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This proof is similar to the proof of Theorem 1 in [93] except for the presence of boundary conditions. For ψ

approximating χ |[a,b], the characteristic function of the interval [a, b], we have:∫ b

a

∫ T

0

|ρ(x, t)− σ(x, t)|ϕ′(t)dt > lim inf
x→b

∫ T

0

sgn(ρ(x, t)− σ(x, t))(q(ρ(x, t))

−q(σ(x, t)))ϕ(t)dt− lim sup
x→a

∫ T

0

sgn(ρ(x, t)− σ(x, t))(q(ρ(x, t))− q(σ(x, t)))ϕ(t)dt. (4.22)

For a fixed x /∈ EL and t ∈ (0, T ), we can always define

k(x, t) ∈ I(σ(x, t), ρa(t)) ∩ I(ρ(x, t), ρa(t))

such that:

sgn(ρ(x, t)− σ(x, t))(q(ρ(x, t))− q(σ(x, t))) = sgn(ρ(x, t)− ρa(t))(q(ρ(x, t))

−q(k(x, t))) + sgn(σ(x, t)− ρa(t))(q(σ(x, t))− q(k(x, t))) 6 L(ρ(x, t), ρa(x, t))

+L(σ(x, t), ρa(x, t)) (4.23)

Indeed, we can assume ρ(x, t) > σ(x, t); if not we exchange ρ(x, t) and σ(x, t). If ρ(x, t) > ρa(t) and

σ(x, t) < ρa(t), then the result is trivial as the q(k(x, t)) terms cancel out. If ρ(x, t) > ρa(t) and σ(x, t) >

ρa(t), we have:

sgn(ρ(x, t)− ρa(t))(q(ρ(x, t))− q(k(x, t))) + sgn(σ(x, t)− ρa(t))(q(σ(x, t))− q(k(x, t))) =

q(ρ(x, t)) + q(σ(x, t))− 2q(k(x, t))

and choosing k(x, t) = σ(x, t) yields the desired equality. Similarly if ρ(x, t) < ρa(t) and σ(x, t) < ρa(t),

we choose k(x, t) = ρ(x, t). Thus the equality holds in all cases.

The situation is similar in a neighbourhood of b which eventually yields:∫ b

a

∫ T

0

|ρ(x, t)− σ(x, t)|ϕ′(t)dtdx > 0. (4.24)

Therefore, for 0 < t0 < t1 < T ,∫ b

a

|ρ(x, t1)− σ(x, t1)|dx 6
∫ b

a

|ρ(x, t0)− σ(x, t0)|dx (4.25)

which proves the L1-semigroup property from which the uniqueness follows.
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4.3 Numerical methods

In this section, we prove the existence of a solution to equation 4.6 through the convergence of the

Godunov scheme. Let h = b−a
M and Ii = [a + h(i − 1

2 ), a + h(i + 1
2 )) for i ∈ {0, ...,M}. For r > 0, let

Jn = [(n− 1
2 )rh, (n+ 1

2 )rh) with n ∈ {0, 1, ..., N = E(1 + T
rh )}. We approximate the solution ρ by ρni on

each cell Ii× Jn, with ρh the resulting function on [a, b]× [0, T ]. The initial and boundary conditions can be

written as: 
ρ0
i = 1

h

∫
Ii
ρ0(x)dx , 0 6 i 6 M

ρn0 = 1
rh

∫
Jn
ρa(t)dt and ρnM = 1

rh

∫
Jn
ρb(t)dt , 0 6 n 6 N

(4.26)

According to the Godunov scheme [62], ρn+1
i is computed from ρni by the following algorithm:

ρn
i+ 1

2
is an element k of I(ρni , ρ

n
i+1) such that sgn(ρni+1 − ρni )q(k) is minimal

ρn+1
i = ρni − r(q(ρni+ 1

2
)− q(ρn

i− 1
2
))

(4.27)

4.3.1 Proof of convergence of the numerical scheme and existence of solutions

Let M0 = max(‖ρ0‖∞, ‖ρa‖∞, ‖ρb‖∞); if the CFL (Courant-Friedrichs-Lewy) condition [101]

r sup
|k|<M0

|q′(k)| 6 1 (4.28)

is verified, ρh converges in L1((a, b) × (0, T )) to a solution ρ ∈ BV ((a, b) × (0, T )). The CFL condition

yields the following estimates:

|ρn+1
i | 6 (1 + C0h) sup(|ρni− 1

2
|, |ρni |, |ρni+ 1

2
|) + C1h for every i ∈ Z (4.29)

∑
16i6M

|ρn+1
i+1 − ρ

n+1
i | 6 (1 + C2h)

∑
|i|6M+1

|ρni+1 − ρni |+ C3Mh2 for every M ∈ N (4.30)

∑
|i|6M

|ρn+1
i − ρni | 6

∑
|i|6M+1

|ρni+1 − ρni |+ C4Mh(1 + sup
i∈Z
|ρni |) for every M ∈ N (4.31)

from which we can deduce that a subsequence ρhn
converges strongly to a function ρ ∈ L∞((a, b)× (0, T ))

of bounded variation and verifying the initial condition. We also have for k of I(ρni , ρ
n
i+1)

|ρn+1
i − k| 6 |ρni − k| − r(sgn(ρni+ 1

2
− k)(q(ρni+ 1

2
)− q(k))− sgn(ρni− 1

2
− k)(q(ρni− 1

2
)− q(k))) (4.32)



99

which shows that ρ is a weak solution of 4.6. If ϕn = 1
rh

∫
In
ϕ(t)dt for ϕ ∈ C1

c ((0, T )), non negative, we

have:

∑
06n6N

sgn(ρni+ 1
2
− k)(q(ρni+ 1

2
)− q(k))ϕnrh 6

∑
06n6N

sgn(ρn1
2
− k)(q(ρn1

2
)− q(k))ϕnrh

+ih‖ϕ′‖∞T (M0 + |k|). (4.33)

Let λ(t) be the weak * limit in L∞((0, T )) of a subsequence of q(ρi1
2
); the following inequality holds:

∫ T

0

sgn(ρ(x, t)− k)(q(ρ(x, t))− q(k))ϕ(t)dt 6
∫ T

0

sgn(ρa(t)− k)(λ(t)− q(k))ϕ(t)dt

+|x− a|‖ϕ′‖∞T (M0 + |k|) (4.34)

using that sgn(ρn1
2
− k)(q(ρ 1

2
) − q(k)) 6 sgn(ρn0 − k)(q(ρ 1

2
) − q(k)). ρ(x, .) is of bounded variation,

therefore it converges strongly in L1 sense to a limit α ∈ L∞((0, T )) and it verifies:

sgn(α(t)− k)(q(α(t))− q(k)) 6 sgn(ρa(t)− k)(λ(t)− q(k)) (4.35)

for every k ∈ R and almost every t ∈ (0, T ). This inequality shows that λ = q(α) almost everywhere.

and L(α(t), ρa(t)) 6 0 and ρ verifies the weak boundary condition at x = a. Similarly, ρ verifies the

corresponding condition at x = b and the existence is proved.

4.4 Simulations and comparison with experimental data

4.4.1 Practical formulation and implementation

We now turn to the practical implementation of the Godunov scheme for the LWR PDE. The

scheme is written as follows:

ρn+1
i = ρni − r(qG(ρni , ρ

n
i+1)− qG(ρni−1, ρ

n
i )), for 0 6 n 6 N − 1, 0 6 i 6 M (4.36)

If the flux q is concave, which is often the case in traffic flow modelling, it reaches its only maximum
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Figure 4.2: Left: Illustration of the empirical data obtained from the Berkeley Highway Laboratory. The
horizontal axis represents the normalised density ρ (i.e. occupancy, see [63, 95] for more details). The
vertical axis represents the flux q(·). Each track corresponds to a loop detector measurement. This data can
easily be modelled with a triangular flux function, for which we display the critical density ρc and the jam
density, ρ∗. Right: Location of the loop detectors used for measurement and validation purposes.

at the critical density ρc (see Figure 4.2) and the numerical flux qG can be written explicitly as:

qG(ρ1, ρ2) =



q(ρ2) if ρc < ρ2 < ρ1,

q(ρc) if ρ2 < ρc < ρ1,

q(ρ1) if ρ2 < ρ1 < ρc,

min(q(ρ1), q(ρ2)) if ρ1 6 ρ2.

(4.37)

The boundary conditions are treated via the insertion of a ghost cell on the left and on the right of the domain,

that is:

ρn+1
0 = ρn0 − r(qG(ρn0 , ρ

n
1 )− qG(ρn−1, ρ

n
0 )) (4.38)

with ρn−1 = 1
rh

∫
Jn
ρa(t)dt, 0 6 n 6 N − 1 for the left boundary condition and

ρn+1
M = ρnM − r(qG(ρnM , ρ

n
M+1)− qG(ρnM−1, ρ

n
M )) (4.39)

with ρnM+1 = 1
rh

∫
Jn
ρb(t)dt, 0 6 n 6 N − 1 on the right of the domain.
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Figure 4.3: Set up of sensors 3, 4 and 5 used for this study in the Berkeley Highway Lab.

4.4.2 Comparison with experimental data

We apply this Godunov scheme to the simulation of highway traffic. A comparison of the density

obtained numerically with the corresponding experimental density measured by the loop detectors is per-

formed. We consider Interstate-80 Eastbound in West Berkeley and Emeryville and focus on a section going

from loop detector 5 to 3 during 24 hours; we observe both free flow and congestion modes. The data mea-

sured by the inductive loop detectors is accessible through the Berkeley Highway Laboratory web site [95]

(see Figure 4.2).

We measure the flow and density at the loop detector 3 to 5 (right subfigure in Figure 4.2 and

Figure 4.3). The need for signal processing is quite visible from Figure 4.4; for this example, it was done

using Fast Fourier Transform methods. The densities at detectors 5 and 3 are used as boundary values in the

numerical scheme and the simulated and measured densities at detector 4 are compared for a 24 hours period.

The numerical scheme was implemented using a grid of 100 points in space and 278,000 points in time and

ran in less than 5 minutes on a desktop computer. The results shown in this figure illustrate the fact that the

method is able to reproduce traffic flow patterns both in free flow and congestion modes. In particular, the

accuracy is quite remarkable in the congestion periods when the density is above the critical density.

The graphs of the density in function of the distance at given times provide a practical signification
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Figure 4.4: Left: BHL data used for the simulation, measured at loop detector 4. The horizontal axis repre-
sents time, the vertical axis represents the density at detector 4. Right: Comparison between loop detector
4 measurements and density simulations predicted by the model at the same location. The horizontal axis is
time; the vertical axis is the vehicle density. Experimental data obtained from [95]

of the weak formulation of boundary conditions. For the sake of clarity, it was decided to represent the

density on the entire section of highway considered as well as the ghost cell values. Whether a boundary

condition at one end is applied point-wise or not can be seen immediately by checking on the graph for the

presence of a discontinuity at that end. Indeed, when boundary conditions apply, the ghost cell value is equal

to the value of the solution at this end (ρa = ρ(a, t) or ρb(t) = ρ(b, t)). In free flow (density smaller than

the critical density ρc = 45 vehicles/mile), characteristics enter the domain on the left and exit on the right,

therefore the boundary conditions only applies on the left. Indeed this is easily verified on the corresponding

graph (Figure 4.5, left bottom subfigure) as the value of the density on the left is equal to that of the ghost cell

whereas these two values are different on the right creating a discontinuity. The next picture (Figure 4.5, right

bottom subfigure) presents a fully developed congestion (density greater than the critical density ρc = 45)

for which the characteristics leave the domain on the left and enter it on the right. Similarly, a discontinuity

is seen on the left but not on the right. Next is a graph of a situation where the density is below the critical

density on the left and above on the right; characteristics enter the domain at both ends, hence the boundary

conditions apply point-wise at the two extremities (Figure 4.5, top left subfigure); no discontinuity can be

seen at the ends. The last picture presents the opposite case with characteristics leaving the domain at both

ends and no boundary conditions applying at all (Figure 4.5, top right subfigure); note the discontinuities at
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Figure 4.5: Top Left: The horizontal axis represents the distance and the vertical axis the density. Boundary
conditions apply at both ends. Note the shock wave moving upstream.Top Right: Boundary conditions do
not apply anywhere. Bottom Left: Free flow. Boundary conditions apply only on the left. Bottom Right:
Fully developed congestion. Boundary conditions apply only on the right.

each end. This is the first time that these phenomena are described in a traffic engineering work.

These graphs also present a confirmation of the correct modelling of weak boundary conditions

by the numerical scheme developed in the chapter. Indeed, while one may be under the impression that the

conditions are always imposed point-wise at both ends through the ghost cells, the preceding pictures show

that when the characteristics leave the domain at one end, the ghost cell values are ignored and the value of

the density at this extremity is unrelated to that of the ghost cell.
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4.5 Optimisation of traffic flow

Our next endeavour is directed towards the minimisation of the mean time spent by cars travelling

through a stretch of highway between x = a and x = x1 via the adjustment of the density of cars entering the

highway. The results from Ancona and Marson [6], [7] enable us to solve this problem. The first step consists

in studying the attainable set at a fixed point in space x1: A(x1, C) = {ρ(x1, .)}, ρ being a solution of the

LWR PDE with ρ0 = 0 and ρa ∈ C for a given set of admissible controls C ⊂ L1
loc. Using the method of

generalised characteristics introduced by Dafermos ([37], [38]), the attainable set is shown to be compact, the

key argument being that the set of fluxes {q(ρa), ρa ∈ C} is weakly compact in L1 (see [96] for functional

analysis in Lp spaces). The compactness of the attainable set in turn yields the existence of a solution to the

optimal control problem

min
ρa∈C

F (S(.)ρa(x1)) (4.40)

for F : L1([0, T ]) → R a lower semicontinuous functional and C a set of admissible controls. We use the

semigroup notation Stρa to designate the unique solution of the LWR PDE at time t (we refer to the textbook

[43] for more on semigroup theory). In the case of traffic modelling on a highway, we wish to minimise the

difference between the average incoming time of cars at x = x1 and at x = x0 which can be written as:

min
ρa∈C

(∫ T

0

tq(Stρa(x1))dt−
∫ T

0

tg(t)dt

)(∫ T

0

g(t)dt

)−1

(4.41)

where g(t) represents the number of cars entering the stretch of highway per unit of time. This amounts to

solving the equivalent problem:

min
ρa∈C

∫ T

0

tq(Stρa(x1))dt (4.42)

For this particular problem, we make the following additional assumptions:

• the net flux of cars entering the highway is equal to the total number of cars arriving at the entry:

∫ T

0

q(ρa(s))ds =
∫ T

0

g(s)ds

• for every time t > 0 the total number of cars which have entered the highway is smaller than or equal
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to the total number of cars that have arrived at the entry from time 0 to t:∫ t

0

q(ρa(s))ds 6
∫ t

0

g(s)ds

• the number of cars entering the highway is at most equal to the maximum density of cars on the

highway:

ρa(t) ∈ [0, ρm]

• after a given time T no cars enter the highway:

ρa(t) = 0 for t > T.

The map F : ρ →
∫ T

0
tq(ρ(t))dt is obviously a continuous functional on L1

loc([0, T ]), hence the exis-

tence of a solution of an optimal control ρa. Furthermore, a comparison principle for solutions of scalar

nonlinear conservation laws with boundary conditions established by Terracina in [153] will allow us to

find an explicit expression of the optimal control. Indeed if ρ(x, t) is a weak solution of the LWR PDE,

u(x, t) = −
∫ +∞
x

ρ(y, t)dy is the viscosity solution [35] of the Hamilton-Jacobi equation

∂u

∂t
+ q(

∂u

∂x
) = q(0). (4.43)

Since viscosity solutions verify a comparison property [34], so will the solution of the LWR PDE. Using the

assumption made earlier that the net flux of cars entering the highway is equal to the total number of cars

arriving at the entry, and since∫ T

0

tq(Stρa(x1))dt = T

∫ T

0

q(Stρa(x1))dt−
∫ T

0

∫ t

0

q(Ssρa(x1))dsdt (4.44)

the boundary control problem can be rewritten as:

max
ρa∈C

∫ T

0

∫ t

0

q(Ssρa(x1))dsdt. (4.45)

As we can assume that the boundary data is always incoming, the comparison principle shows that the optimal

control ρ̃ should verify:∫ t

0

q(ρ̃(s))ds >
∫ t

0

q(ρa(s))ds, for every t > 0 and ρa ∈ C. (4.46)
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Eventually we obtain the following expression of the optimal control ρ̃:

ρ̃(t) =


q−1(ρm) if g(t) 6 q(ρm) and

∫ t
0
q(ρ̃(s))ds <

∫ t
0
g(s)ds or g(t) > q(ρm)

q−1(g(t)) if g(t) 6 q(ρm) and
∫ t

0
q(ρ̃(s))ds =

∫ t
0
g(s)ds

(4.47)

4.6 Conclusion

We have proved the existence and uniqueness of a weak solution to a scalar conservation law on

a bounded domain. The proof relies on a weak formulation of the boundary conditions which is necessary

for the problem to be well posed. For strictly concave flux functions, the simplified expression of the weak

formulation of the boundary conditions was written explicitly. The corresponding Godunov scheme was

developed and applied on a highway traffic flow application, using Berkeley Highway Laboratory data for

Highway Interstate-80. The numerical scheme and the parameters identified for this highway were validated

experimentally against measured data. Finally, the existence of a minimiser of travel time was obtained, with

corresponding optimal boundary control.

This work should be viewed as a first step towards building sound metering control strategies for

highway networks: it defines the mathematical solution, and appropriate boundary conditions to apply in

order to pose and solve the optimal control problem properly. Not using the framework developed here while

computing numerical solutions of the LWR PDE would lead to ill-posed problems and therefore the data

obtained through a numerical simulation would be meaningless.

Our result is crucial for highway performance optimisation, since by nature, in most highways,

traffic flow control is achieved by on-ramp metering, i.e. boundary control. However, results are still lack-

ing in order to generalise our approach to a real highway network. For such a network, the existence and

uniqueness of a solution to the LWR PDE on each link no longer holds. The existence was proved in [73]

using front-tracking methods by adding a condition that a functional based on the fluxes of the incoming

links had to be maximised at the junction; uniqueness was proved using a similar condition in [33] and traffic

flow simulations based on these models were presented in [25, 26, 27]. In order to solve optimisation prob-

lems arising in transportation networks, several approaches rely on the computation of the gradient of the
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optimisation functional, which for example could be achieved using adjoint-based techniques [67, 68].
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Chapter 5

Summary and future work

In this brief final chapter, we will summarise the work presented in this dissertation. The topic of

modelling and simulation of large scale distributed parameter systems was developed through the description

and implementation of two inverse modelling algorithms applied to river flows as well the weak formulation

of boundary conditions and implementation of a numerical scheme for highway traffic flow modelling.

5.1 Contributions on river flow estimation and future work

Two algorithms for inverse modelling of river flows were developed in this thesis. They both use on

quadratic programming techniques which presents the advantage of a small computational cost and certainty

of reaching the optimal solution. The first algorithm combines a model driven by the two-dimensional shal-

low water equations and observations collected by drifting sensors equipped with GPS units for real time river

state estimation [148]. In order to apply quadratic programming methods to this variational data assimilation

problem, three linear numerical schemes based on the linearised shallow water equations were developed and

implemented. These schemes were chosen to be of implicit nature so that they would be unconditionally

stable thereby limiting the size of the problem. This algorithm was then evaluated on the Sacramento River

through computer based twin experiments in which the QP based method was compared to the EnKF algo-
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rithm as well as in field experiments in which data obtained from drifters released in the Sacramento River

was used to reconstruct velocity fields. For the latter, the numerical schemes were extended to non-orthogonal

curvilinear coordinates which means that they can be applied to rivers of any geometry. The second algorithm

deals with estimating tidally driven open boundary conditions over time, using a one-dimensional shallow

water model and observations from drifters [147]. The Preissmann scheme was used to discretise the one-

dimensional shallow water equations and numerical experiments were performed to validate the algorithm.

Future work on river flow estimation includes adding salinity or sediment modelling, optimal placement of

drifters and extending the boundary condition estimation algorithm to networks of channels. Both algorithms

on inverse modelling of river flows are expected to be implemented for real time data assimilation on the next

generation drifters built by Andrew Tinka and his team.

5.2 Contributions on highway traffic flow and future work

The proper weak formulation of boundary conditions for scalar conservation laws such as the ones

used to model highway traffic was introduced and a numerical scheme developed for highway traffic sim-

ulation was proved to converge to the unique solution of the corresponding continuous partial differential

equation (the Lighthill-Whitham-Richards equation). An optimal control strategy was developed for conges-

tion mitigation through ramp metering. Another avenue of transportation research in recent years has been

the development of algorithms for highway state estimation using the vehicles as probes, an approach sim-

ilar to the one presented for river flows with GPS equipped drifters being replaced by GPS equipped cars.

Indeed, knowledge of the density and velocity fields is crucial to determine bottleneck locations, physical

extent of queues, and travel time. Using data collected from stationary detectors, such as inductive loop

detector stations as in this chapter, these fields can be reconstructed to a good accuracy. However, the deploy-

ment and maintenance of this type of infrastructure is expensive as it requires physically implanting inductive

loops in the road and its reliability varies; this is particularly problematic in developing countries which are

often faced with increasing road use and congestion coupled with limited funding for their transportation
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infrastructure but where mobile phones are widespread due to poor public telecommunication networks. This

situation prevents accurate modelling of traffic as experimental data is limited. A possible solution is the use

of data assimilation techniques based on Lagrangian (moving along with the flow) sensors on board vehicles.

Indeed, new technology developments such as the Global Positioning System (GPS) allow mobile phones

and navigation systems to broadcast their position and velocity in real time. If the mobile phone is located in

a moving vehicle, the information collected from the phone can be used as a replacement or in supplement

of the information provided by static sensors for traffic state estimation. For public transportation agencies,

there is no cost of deploying this new sensing technology, which is market driven. In order to incorporate

these Lagrangian measurements into an Eulerian model, data assimilation techniques are required and some

of methods presented in the second chapter were applied using the LWR PDE discretised by the Godunov

scheme developed earlier. In [71], the nudging method is used and compared with the Kalman filtering, while

in [164] the ensemble Kalman filter is chosen. Separately, the adjoint method was applied to a second order

model [14] in [82] to estimate the initial state of a stretch of highway. Several field experiments [71, 164]

have been conducted with hundreds of cars equipped with GPS capable cellular phones being monitored as

the complete loops on a stretch of highway. More experiments are planned and this approach to highway state

estimation is likely to become a common fixture of the coming years in the field of transportation research.
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[138] J. B. SCHIJF and J. C. SCHÖNFELD. Theoretical considerations on the motion of salt and fresh water.

In Proc. Minn. Intern. Hydr. Conv., pages 321–333, 1953.

[139] M. E. SCHONBEK. Existence of solutions to singular conservation laws. J. Math. Anal., 15(6):1125–

1139, 1984.

[140] J. SCHROTER, U. SEILER, and M. WENZEL. Variational assimilation of Geosat data into an eddy-

resolving model of the gulf stream area. J. Phys. Oceanogr., 23:925–953, 1993.
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