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State Estimation for Polyhedral Hybrid Systems and
Applications to the Godunov Scheme for

Highway Traffic Estimation
Jérôme Thai and Alexandre M. Bayen

Abstract—This paper investigates the problem of estimating
the state of discretized hyperbolic scalar partial differential
equations. It uses a Godunov scheme to discretize the so-called
Lighthill–Whitham–Richards equation with a triangular flux func-
tion, and proves that the resulting nonlinear dynamical system can
be decomposed in a piecewise affine manner. Using this explicit
representation, the system is written as a switching dynamical
system, with a state space partitioned into an exponential number
of polyhedra in which one mode is active. We propose a feasible
approach based on the interactive multiple model (IMM) which
is a widely used algorithm for estimation of hybrid systems in the
scientific community. The number of modes is reduced based on
the geometric properties of the polyhedral partition. The k-means
algorithm is also applied on historical data to partition modes into
clusters. The performance of these algorithms are compared to
the extended Kalman filter and the ensemble Kalman filter in the
context of Highway Traffic State Estimation. In particular, we use
sparse measurements from loop detectors along a section of the
I-880 to estimate the state density for our numerical experiments.

Index Terms—Lighthill–Whitham–Richards (LWR), partial
differential equations (PDEs).

I. INTRODUCTION

PARTIAL differential equations (PDEs) are often used in
traffic as density based traffic models because they provide

a concise mathematical model to capture essential properties
of a wide variety of phenomena such as fluid flow, heat,
and electrodynamics. Based on the conservation of flow, the
Lighthill–Whitham–Richards (LWR) PDE [21], [25] and its
discretization using the Godunov scheme [14], [18], [27] have
been widely used in the scientific community for modelling
traffic, they also known as the Cell Transmission Model (CTM)
[6], [7] in the transportation literature. State of the art traffic
estimation techniques for this model include the application
of the extended Kalman filter (EKF) to the LWR PDE by
Schreiter et al. [26], and to non-scalar traffic model by
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Papageorgiou [24]. The application of the EKF to the LWR
PDE model is problematic due to the non-differentiability of
its discretization, a problem which has been partially addressed
in [3] and [29]. The ensemble Kalman filter (EnKF) has also
been applied to a velocity-based model in [30], in order to
circumvent the difficulties of non-differentiability of numerical
solutions to these PDEs such as the one presented in this paper.

The Godunov scheme applied to the LWR model for a trian-
gular flux function can be proven to lead to a piecewise affine
(PWA) hybrid system, which is one of the contributions of this
paper. Each cell of the discretized system switches between
several linear models. We define this new class of systems
as multicellular hybrid systems. The resulting switching-mode
dynamical system combines discrete dynamics modeled by a
finite automaton for the transitions between the modes and con-
tinuous dynamics in the form of linear discretized dynamical
systems. Estimation of hybrid systems has been widely studied
in past work [16], [17]. In particular, such techniques have
been successfully used for aircraft tracking in [13] in which
Bar–Shalom’s interacting multiple model (IMM) algorithm
was used [1]. Similar hybrid estimation algorithms and their
applications are described in [12], [23], [28]. While the IMM
algorithm seems a natural approach for the estimation of hybrid
systems, it is intractable when applied to the discretized LWR
PDE (thus highway models) because the combination of the
modes of each cell induce an exponential number of modes.
A priori, each cell of the discretized model can be in seven
different modes, which leads to 7n modes, where n is the
dimension of the state thus creating serious computational
challenges in the estimation problem. One possible way to
address this is with the mixture Kalman filter algorithm [5]
which handles this complexity by randomly sampling in the
space of modes.

Our work contains four contributions. To the best of our
knowledge, this is the first time that an explicit piecewise
affine decomposition of the Godunov is formulated. 1) For a
fixed mode vector m, the Godunov scheme is locally affine,
and we have an explicit formulation of the linear dynamics.
2) The domains of the mode vectors Dom(m) are also ex-
pressed with explicit linear constraints, and they form a poly-
hedral partition of the state space. Even though the IMM is
a natural algorithm for hybrid estimation, it is not tractable
because of the exponential number of modes. Hence, the second
contribution consists in proposing two methods: 3) The first
one takes advantage of the geometric properties of the space of
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modes to reduce the set of modes to the mode of the current
estimate and its adjacent modes. 4) The second one uses a
clustering algorithm on historical data to reduce the set of
modes to a representative sets: then the reduced model only
switches between these modes.

The rest of the paper is organized as follows: Section II
presents the mathematical model used and unravels the PWA
expression of the Godunov scheme. Section III presents the
polyhedral properties of the space of modes. Section IV shows
that the IMM applied to the discretized system is not tractable.
Section V presents feasible algorithms inspired from IMM
using the PWA character of the Godunov scheme and k-means.1

II. HYBRID AUTOMATON

A. LWR Model

Lighthill, Whitham in 1955 [21], and Richards in 1956 [25]
introduced a macroscopic dynamic model of traffic based on
conservation of vehicles, using Greenshields’ hypothesis [10]
of a static flow/density relationship (1), known as the flux
function:

q(x, t) = Q (ρ(x, t)) (1)

where ρ(x, t) and q(x, t) denote the density and the flow of
vehicles at location x and time t respectively. The flux function
Q is assumed to be a function of the density only. The conser-
vation of mass can be rewritten as follows:

∂ρ(x, t)

∂t
+

∂Q (ρ(x, t))

∂x
= 0, ∀(x, t) ∈ [0, L]× R+

ρ(0, t) = u(t), ρ(L, t) = d(t) ∀t ∈ R+

ρ(x, 0) = ρ0(x), ∀x ∈ [0, L] (2)

where u(t), d(t) are the upstream and downstream densities,
respectively, and ρ0(x) is the initial state [21], [25]. This equa-
tion is commonly known as the Lighthill–Whitham–Richards,
or LWR, model. Different flux functions have been suggested.

At each boundary, the ability to prescribe the value of the
solution depends on the sign of the characteristic curve (if it is
entering the domain, it can be done in the strong sense, other-
wise it cannot be done). Thus, in order for the problem to be
well posed, one needs to prescribe the boundary conditions in
the weak sense, and they can either apply at the two boundaries,
at one boundary or at none of the boundaries, depending on the
value of the function in the interior of the domain. This result
is described in detail in [2] for a compact domain. It was later
instantiated for specific PDEs, in particular in the work of [15],
and in the specific case of traffic (concave flux function) in [27].

B. Assumptions and Notations

In the rest of this paper, we will focus on the analysis of the
Godunov scheme, which is a conservative numerical scheme
for solving PDE. We assume that traffic densities are between 0
and ρjam, i.e., the density ρ(x, t) is in [0, ρjam] for all x, t.

1Code available here: https://github.com/jeromethai/hybrid-LWR-estimation

Fig. 1. Speed and flow relationships for triangular flux function.

The widely-used triangular flux function described in [6] is
also chosen for our dynamic model and results are derived from
it. It is a function of the density ρ. It assumes a constant velocity
in free-flow and a hyperbolic velocity in congestion as shown
in Fig. 1:

Q(ρ) =

{
vfρ if ρ ≤ ρc
−ωf (ρ− ρjam) if ρ > ρc

(3)

where ωf = vfρc/(ρjam − ρc) is the backward propagation
wave speed.

We also assume for simplicity and clarity that the segment of
road we are modeling is homogeneous, i.e., the parameters of
the flux function ωf , vf , ρjam, ρc, qc are uniform along the cells
of the discretized road. All the results derived in the rest of this
paper still remain valid for an heterogeneous road.

C. Godunov Scheme

A seminal numerical method to solve the above equations
is given by the Godunov scheme, which is based on exact
solutions to Riemann problems [8], [9]. This leads to the
construction of a nonlinear discrete time dynamical system. The
Godunov discretization scheme is applied on the LWR PDE,
where the discrete time step Δt is indexed by t, and the discrete
space step Δx is indexed by i:

ρt+1
i =ρti−

Δt

Δx

(
G
(
ρti, ρ

t
i+1

)
−G

(
ρti−1, ρ

t
i

))
, i=1, · · · , n.

(4)

In order to ensure numerical stability, the time and space steps
are coupled by the CFL condition [18]: cmax(Δt/Δx) ≤ 1
where cmax denotes the maximal characteristic speed.

The Godunov flux can be expressed as the minimum of the
sending flow S(ρ) from the upstream cell and the receiving flow
R(ρ) from the downstream cell through a boundary connecting
two cells of a homogeneous road (i.e., the upstream and down-
stream cells have the same characteristics). For the triangular
flux function

G(ρ1, ρ2) = min (S(ρ1), R(ρ2))

S(ρ) =

{
Q(ρ) = vfρ if ρ ≤ ρc
qc if ρ > ρc

R(ρ) =

{
qc if ρ ≤ ρc
Q(ρ) = −ωf (ρ− ρjam) if ρ > ρc

(5)

where ρ1 is the density of the cell upstream and ρ2 is the density
of the cell downstream.

As shown in Fig. 2(a), the application of the Godunov
scheme to the flux functions introduces intuitive concepts of
supply and demand at the boundary connecting two cells.
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Fig. 2. (a) Sending and receiving flows for triangular flux function. (b) Values of G(ρ1, ρ2) in the space [0, ρjam]2.

Given the partition of the space [0, ρjam]2 in different regions
W, L, and D as shown in Fig. 2(b), the function G(ρ1, ρ2)
takes different values.

Lemma 1: With a triangular flux function, the Godunov flux
(ρ1, ρ2) ∈ [0, ρjam]

2 �→ G(ρ1, ρ2) is piecewise affine:

G(ρ1, ρ2) =

⎧⎨
⎩

−ωf (ρ2 − ρjam) if (ρ1, ρ2) ∈ W
qc if (ρ1, ρ2) ∈ L
vfρ1 if (ρ1, ρ2) ∈ D

W :=

{
(ρ1, ρ2)|ρ2 +

vf
wf

ρ1 > ρjam, ρ2 > ρc

}

L := {(ρ1, ρ2)|ρ1 > ρc, ρ2 ≤ ρc}

D :=

{
(ρ1, ρ2)|ρ2 +

vf
wf

ρ1 ≤ ρjam, ρ1 ≤ ρc

}
. (6)

Proof: We recall that (ρ1, ρ2) ∈ [0, ρjam]
2. Equations (5)

imply

ρ1, ρ2 ≤ ρc =⇒ G(ρ1, ρ2)=min(vfρ1, qc)=vfρ1

ρ1, ρ2 ≥ ρc =⇒ G(ρ1, ρ2)=min (qc,−wf (ρ2 − ρjam))

= −wf (ρ2 − ρjam)

ρ1≥ρc, ρ2≤ρc =⇒ G(ρ1, ρ2)=min(qc, qc)=qc

ρ1≤ρc, ρ2≥ρc =⇒ G(ρ1, ρ2)=min (vfρ1,−wf (ρ2−ρjam)) .

The third implication proves our result for the region L.
Then, given ρ1 ≤ ρc, ρ2 ≥ ρc, G(ρ1, ρ2) = vfρ1 ⇐⇒ vfρ1 ≤
−wf (ρ2 − ρjam) ⇐⇒ρ2 + (vf/wf )ρ1 ≤ ρjam. Finally, we
note that {ρ1 ≤ ρc, ρ2 ≤ ρc} ∪ {ρ2 + (vf/wf )ρ1 ≤ ρjam} =
{ρ2 + (vf/wf )ρ1 ≤ ρjam, ρ1 ≤ ρc}, hence the definition of D
in (6). The result for W follows similarly. �

D. Godunov Scheme as a Hybrid Automaton

We now consider an entire link divided into n cells and we
add two ghost cells on the left and right sides of the domain.
Hence, the discrete state space is indexed by i=0, 1, · · · , n+ 1,
the state of the system is ρ=[ρ0, · · · , ρn+1]

T ∈ [0, ρjam]
n+2,

and the dimension is n+ 2. The density at cell i and time t
is then ρti, the ith entry of vector ρ, and the values of ρt0 and
ρtn+1 are given by the prescribed boundary conditions to be
imposed on the left and right side of the domain, respectively,
i.e., ρt0 = u(t) and ρtn+1 = d(t) for all t where u(t) and d(t)
are the upstream and downstream densities, respectively.

In the rest of this section we present a simple analysis for
the formulation of the discretized system as a piecewise affine
autonomous hybrid automaton. We will sometimes use the

lighter notation ρ+i = ρi − α(G(ρi, ρi+1)−G(ρi−1, ρi)) for
the Godunov scheme (4) with α = Δt/Δx. We rewrite (6) in
the state space [0, ρjam]

n+2:

G(ρi, ρi+1)

=

⎧⎨
⎩
−ωf (ρi+1−ρjam) if ρ∈Wi+1/2

qc if ρ∈Li+1/2

vfρi if ρ∈Di+1/2

for i = 0, · · ·n (7)

where Wi+1/2,Li+1/2,Di+1/2, i = 0, · · · , n, are 3(n+ 1)
polyhedra in [0, ρjam]

n+2:

Wi+1/2=

{
ρ ∈ [0, ρjam]

n+2|ρi+1+
vf
wf

ρi>ρjam, ρi+1>ρc

}

Li+1/2 =
{
ρ ∈ [0, ρjam]

n+2|ρi > ρc, ρi+1 ≤ ρc
}

Di+1/2=

{
ρ ∈ [0, ρjam]

n+2|ρi+1 +
vf
wf

ρi≤ρjam, ρi≤ρc

}
.

(8)

We note that we can express the polyhedra Wi+1/2,Li+1/2,
Di+1/2 in vector form:

Wi+1/2=
{
ρ|d(1)·[ρi, ρi+1, 1]

T >0,d(3)·[ρi, ρi+1, 1]
T >0

}
Li+1/2=

{
ρ|d(2)·[ρi, ρi+1, 1]

T >0,d(3)·[ρi, ρi+1, 1]
T ≤0

}
Di+1/2=

{
ρ|d(1)·[ρi, ρi+1, 1]

T ≤0,d(2)·[ρi, ρi+1, 1]
T ≤0

}
(9)

with coefficients

d(1) =

[
(ρjam − ρc)

ρc
, 1,−ρjam

]

d(2) = [1, 0,−ρc]

d(3) = [0, 1,−ρc]. (10)

Combining the Godunov scheme (4) and the Godunov flux in
PWA form (7):

Lemma 2: With a triangular flux function, the Godunov
scheme at cell i ∈ {1, · · · , n} can be formulated as a hybrid
automaton with linear components:

• mode mi ∈ Q with Q := {1, · · · , 9}2

• state ρi ∈ [0, ρjam]
• inputs (ρti−1, ρ

t
i+1) ∈ [0, ρjam]

2, t ≥ 0

• discrete dynamics ρt+1
i =L(mi)·[ρti−1, ρ

t
i, ρ

t
i+1]

T
+w(mi)

if (ρti−1, ρ
t
i, ρ

t
i+1) ∈ P (Dom(mi)) where L(·) : Q �→ R

3

2In this description, the mode mi takes on values in a finite set Q =
{1, · · · , 9} for completeness. We will see in Section III that the modes mi = 8
and mi = 9 are not accepted.
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TABLE I
GODUNOV SCHEME W.R.T. DISCRETE STATES mi AT CELL i, E.G., IF ρ ∈ Dom({mi = 4}) = Li−1/2 ∩Di+1/2 ={ρ|ρi−1 > ρc,

ρi ≤ ρc, ρi+1 + (vf/wf )ρi ≤ ρjam}, THEN ρt+1
i = L4 · [ρti−1, ρ

t
i, ρ

t
i+1]

T
+ w4 = (1− αvf )ρ

t
i + αvfρc

and w(·) : Q �→ R are defined in Table I, and P (·) is the
projection operator onto V ect(ei−1, ei, ei+1).

• domain of the modes Dom(mi) defined in the Table I
and (8).

We note that Dom(mi) refers to the subset of R
n+2 in

which the mode of cell i is mi. Since the linear constraints
that define Dom(mi) (see Table I) only concern variables
ρi−1, ρi, ρi+1, the projection onto V ect(ei−1, ei, ei+1) contains
all the information on the shape of Dom(mi).

Proof: We prove the result for mi = 4, the other cases fol-
low similarly. When ρ ∈ Dom({mi = 4}) = Li−1/2 ∩Di+1/2

following the definition of Dom(mi) in Table I, we have
G(ρi−1, ρi) = qc and G(ρi, ρi+1) = vfρi from (7) then

ρ+i = ρi − α (G(ρi, ρi+1)−G(ρi−1, ρi))

= ρi − α(vfρi − qc) = (1− αvf )ρi + αqc

hence ρ+i = L(4) · [ρi−1, ρi, ρi+1]
T + w(4) with L(4) :=

[0, 1− αvf , 0] and w(4) := αvfρc following the definitions of
L(mi) and w(mi) in Table I. �

We note that the condition (ρti−1, ρ
t
i, ρ

t
i+1) ∈ P (Dom(mi))

in the discrete dynamics is a reset relation at each time step: the
mode at time t is directly given by state ρt.

E. Discretized System as a Hybrid System

The mode of each cell can be listed in a vector m ∈
{1, · · · , 9}n in which the ith entry is the discrete state at cell
i. We call it the mode vector. As a result, the domain of the
mode vector m ∈ {1, · · · , 9}n is

Dom(m) =

n⋂
i=1

Dom(mi). (11)

For example, if n = 2, then the state ρ = [ρ0, ρ1, ρ2, ρ3] is in
[0, ρjam]

4 with boundary cells ρ0 and ρ3 and the mode vector
m is in {1, · · · , 9}4. More specifically

Dom({m = (2, 3)})
= Dom ({m1 = 2}) ∩Dom({m2 = 3})

= (W 1
2
∩ L1+1/2) ∩ (L1+1/2 ∩W2+1/2)

= W1/2 ∩ L1+1/2 ∩W2+1/2

=

{
ρ ∈ [0, ρjam]

4|ρ1 +
vf
wf

ρ0 > ρjam, ρ1 > ρc, ρ2 ≤ ρc,

ρ3 +
vf
wf

ρ2 > ρjam

}
. (12)

We will show later that the subsets Dom(m)’s form a partition
of [0, ρjam]n+2.

For each mode vector m, we construct the matrix
Am ∈ R

(n+2)×(n+2), and the row vectors bm, ct ∈ R
n+2 in

the form

Am=

⎡
⎢⎢⎢⎢⎣

0 · · · 0
L(m1)

. . .
L(mn)

0 · · · 0

⎤
⎥⎥⎥⎥⎦, bm=

⎡
⎢⎢⎢⎢⎣

0
w(m1)

...
w(mn)

0

⎤
⎥⎥⎥⎥⎦, c

t=

⎡
⎢⎢⎢⎢⎣

u(t)
0
...
0

d(t)

⎤
⎥⎥⎥⎥⎦

(13)

where L(mi), w(mi) are defined in Table I, and u(t), d(t) are
the upstream and downstream densities, respectively. This leads
to one of the main results of the paper:

Proposition 1: The discretized LWR equation using the
Godunov scheme and with a triangular flux function is an
autonomous hybrid automaton with affine components:

• discrete state m ∈ {1, · · · , 9}n;
• state ρt ∈ [0, ρjam]

n+2 at time t;
• inputs (u(t), d(t)) ∈ [0, ρjam]

2;
• discrete dynamics ρt+1 = Amρt + bm + ct if ρt ∈

Dom(m);
• domain of the discrete states Dom(m) defined in (11).

Proof: The formulation as a hybrid automaton is obtained
by stacking the states and modes in the hybrid automaton
formulation of the Godunov scheme into a vector, and the linear
transformations into a matrix. �

Finally, we note that the condition ρt ∈ Dom(m) in the
discrete dynamics is a reset relation at each time step: the mode
at time t is directly given by state ρt.
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Algorithm 1 Find the mode vector: rho2m(ρ). The parame-
ters d(1),d(2),d(3) ∈ R

3 in (10) describe the domain of each
mode vector [see Table I and (17), (10), (11)]

Require: current state ρ = [ρ0, · · · , ρn+1] ∈ [0, ρjam]
n+2

1: for i ∈ {0, · · · , n} do
2: x = [ρi, ρi+1, 1]

T

3: I = [d(1)x > 0,d(2)x > 0,d(3)x > 0] ∈ {0, 1}3
4: if I(1) ∧ I(3) then s(i) = W ρ ∈ Wi+1/2

5: if I(2) ∧ ¬I(3) then s(i) = L ρ ∈ Li+1/2

6: if ¬I(1) ∧ ¬I(2) then s(i) = D ρ ∈ Di+1/2

7: end for
8: for i = {1, · · · , n} do
9: if {s(i) = W} ∧ {s(i+ 1) = W} then mi = 1
10: if {s(i) = W} ∧ {s(i+ 1) = L} then mi = 2
11: if {s(i) = L} ∧ {s(i+ 1) = W} then mi = 3
12: if {s(i) = L} ∧ {s(i+ 1) = D} then mi = 4
13: if {s(i) = D} ∧ {s(i+ 1) = W} then mi = 5
14: if {s(i) = D} ∧ {s(i+ 1) = L} then mi = 6
15: if {s(i) = D} ∧ {s(i+ 1) = D} then mi = 7
16: end for
17: return m = [m1, · · · ,mn] ∈ {1, · · · , 7}n

III. DESCRIPTION OF THE MODE VECTORS

A. Accepted Mode Vectors

The following analysis is motivated by the fact that
Dom(m) = ∅ for some values of m, which means that some
of the mode vectors m’s are not accepted by the system.

Definition 1: We say that a mode vector m is accepted by
the system if and only if its domain Dom(m) is not empty.

Proposition 2: The mode vector m ∈ {1, · · · , 9}n is ac-
cepted by the system if and only if we have the following two
conditions:

mi ∈ {1, · · · , 7}, ∀i ∈ {1, · · · , n} (14)

∀i ∈ {1, . . . , n−1}, mi+1 ∈

⎧⎨
⎩

{1, 2} if mi ∈ {1, 3, 5}
{3, 4} if mi ∈ {2, 6}
{5, 6, 7} if mi ∈ {4, 7}.

(15)

Proof: From (8), it is easy to see that Wi−1/2 ∩Di+1/2 =
Li−1/2 ∩ Li+1/2 = ∅ for all i = 1, . . . , n. Hence, Dom({mi =
8}) = Dom({mi = 9}) = ∅ (see Table I). In other words, m
is not accepted if it has an entry in {8,9} which gives the first
condition.

We note that for a fixed i, the polyhedra Wi+1/2,Li+1/2,
Di+1/2 partition [0, ρjam]

n+2. Since Dom(mi) ∩Dom(mi+1)
is of the form

Dom(mi) ∩Dom(mi+1)

=(Pi−1/2∩Pi+1/2)∩(P′
i+1/2∩Pi+1+1/2)⊂Pi+1/2∩P′

i+1/2

with Pi+1/2,P
′
i+1/2 ∈ {Wi+1/2,Li+1/2,Di+1/2}, then m

is accepted if Pi+1/2 = P′
i+1/2. In other words, Dom(mi) =

Pi−1/2 ∩Pi+1/2 and Dom(mi+1) = P′
i+1/2 ∩Pi+1+1/2

must overlap. This gives condition (15).
Reciprocally, if m satisfies conditions (14) and (15), then

we have overlaps between Dom(mi) and Dom(mi+1). Hence,
Dom(m) is of the form

Dom(m) =

n⋂
i=0

Pi+1/2

Pi+1/2 ∈ {Wi+1/2,Li+1/2,Di+1/2}, i = 0, . . . , n. (16)

The intersection of any pair of two consecutive polyhedra
in (16) has to be among the first seven subsets in Table I.
Hence, for all i = 1, . . . , n, the projection of Dom(m) onto
V ect(ei−1, ei, ei+1) is one of the seven subsets of R3 shown in
Fig. 3, which are all nonempty. Hence, Dom(m) is the product
of nonempty spaces; hence, it is nonempty. �

From the analysis above, we also conclude that under con-
ditions (14) and (15), the domain of an accepted mode vector
can be decomposed in the form (16). This is illustrated in the
derivation of Dom({m = (2, 3)}) in example (12) above.

From (14), the space of discrete states of the Godunov
scheme at each cell is reduced to {1, . . . , 7} and the space in
which the mode vector m lies is reduced to {1, . . . , 7}n.

Definition 2: For an accepted mode vector m and the
associated Dom(m) =

⋂n
i=0 Pi+1/2, a mode string s =

s(0)s(1)s(2) · · · s(n) is associated with m if s(i) = W
(resp. L,D) if Pi+1/2 = Wi+1/2(resp.Li+1/2,Di+1/2) and
a mode string is accepted if and only if s(i)s(i+ 1) ∈
{WW,WL,LW,LD,DW,DL,DD} for all i, from the anal-
ysis done in Proposition 2.

Proposition 3: The number of accepted mode vectors is
asymptotically 3.1778 · (2.2470)n. (Proof in the Appendix (see
Fig. 4)).

Proposition 4: The polyhedra Dom(m) associated with ac-
cepted mode vectors m form a partition of [0, ρjam]n+2.

Proof: Let m and m′ be two distinct accepted mode
vectors and s, s′ the associated strings. We pick i ∈
{0, . . . , n} such that s(i) �= s′(i). Then Dom(m) ⊂ Pi+1/2

and Dom(m′) ⊂ P′
i+1/2, where Pi+1/2 and P′

i+1/2 are two
distinct polyhedra among Wi+1/2, Li+1/2, Di+1/2. Hence,
Dom(m) and Dom(m′) are disjoint, and for any ρ ∈
[0, ρjam]

n+2, we can find its associated accepted mode vector
m such that ρ ∈ Dom(m); hence, the different Dom(m) span
the whole state space. �

Algorithm 2 mode vector m to mode string: m2s(m)

Require: accepted mode vector m.
1: if m1 ∈ {1, 2} then s(0) = W P1/2 = W1/2 in (16)
2: if m1 ∈ {3, 4} {then s(0) = L P1/2 = L1/2 in (16)
3: if m1 ∈ {5, 6, 7} then s(0) = D P1/2 = D1/2 in (16)
4: for i ∈ {1, . . . , n} do
5: mi∈{1, 3, 5} then s(i)=W Pi+1/2=Wi+1/2 in (16)
6: mi ∈ {2, 6} then s(i) = L Pi+1/2 = Li+1/2 in (16)
7: mi ∈ {4, 7} then s(i) = D Pi+1/2 = Di+1/2 in (16)
8: end for
9: return the mode string s(0)s(1) · · · s(n)
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Fig. 3. Projection of Dom(mi) onto V ect(ei−1, ei, ei+1) for i ∈ {1, . . . , 7}. For example, in the top left figure, if (ρi−1, ρi, ρi+1) is in the orange
polyhedron, then ρ ∈ Wi−1/2 ∩Wi+1/2 = Dom({mi = 1}), the mode mi is 1 (see Table I).

Algorithm 3 mode string to mode vector: s2m(s(0) · · · s(n))

Require: accepted mode string s(0) · · · s(n).
1: apply lines 8 to 16 of Algorithm 1
2: return the mode vector m

B. Minimal Representation

We now introduce the concepts of minimal representation
and adjacent polyhedra.

Definition 3 (Faces of a Polyhedron): A supportive hyper-
plane of a closed convex set C is a hyperplane ∂H such that
C ∩ ∂H �= ∅ and C ⊆ H, where H is one of the two closed
half-spaces (associated with the hyperplane). Given a (closed)
polyhedron P, the intersection with any supportive hyperplane
is a face of P. Moreover, a vertex is a zero-dimension face,
an edge a one-dimension face, and a facet is a face of di-
mension d− 1 if P is of dimension d. For a full-dimensional
polyhedron, a facet is of dimension n+ 1 (recall that the space
[0, ρjam]

n+2 is of dimension n+ 2).
Definition 4 (Minimal H-Representation): There exist in-

finitely many H-descriptions of a (closed) convex polytope. For
a full-dimensional convex polytope, the minimal H-description
is unique and is given by the set of the facet-defining half-
spaces [11].

We now want to find the minimal representation of
Dom(m) =

⋂n
i=0 Pi+1/2 for all accepted modes m. Each

one of the 3(n+ 1) polyhedra Wi+1/2,Li+1/2,Di+1/2, i =
0, . . . , n defined in (8) is intersection of two half-spaces:

Wi+1/2 =Hi+1/2 ∩Hi+1

Li+1/2 =Hi ∩Hc
i+1

Di+1/2 =Hc
i ∩Hc

i+1/2 (17)

Fig. 4. Sixteen accepted mode strings for the first three pairs (ρ0, ρ1),
(ρ1, ρ2), and (ρ2, ρ3). For more details, see Propositions 2 and 3.

where

Hi=
{
ρ ∈ [0, ρjam]

n+2|ρi > ρc
}
, i = 0, . . . , n+ 1

Hi+1/2=

{
ρ∈[0, ρjam]n+2|ρi+1+

vf
wf

ρi>ρjam

}
, i=0, . . . , n

(18)

and Hc
i , Hc

i+1/2 are the complementary of Hi and
Hi+1/2, respectively. The projections of these half-spaces on
V ect(ei, ei+1) are illustrated in Fig. 5.

In example (12), we have

Dom({m = {2, 3}})
= W 1

2
∩ L1+1/2 ∩W2+1/2

= (H 1
2
∩H1) ∩ (H1 ∩Hc

2) ∩ (H2+1/2 ∩H3)

= H 1
2
∩H1 ∩Hc

2 ∩H2+1/2 ∩H3

= H 1
2
∩H1 ∩Hc

2 ∩H2+1/2.

Since Hc
2 ∩H2+1/2 ⊂ H3, we can remove H3 from the in-

tersection. After removing this redundant constraint, the last
equality gives the minimal representation of Dom({m =
{2, 3}}).

While finding the minimal representation of a nonempty
polyhedron can be difficult in general, it is easy for the
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Fig. 5. Projection of the half-spaces Hi, Hi+1/2, Hi+1 on the plane V ect(ei, ei+1).

polyhedra Dom(m) associated with accepted mode vectors
m. In the form Dom(m) =

⋂n
i=0 Pi+1/2, we sequentially

derive the minimal representation of each polyhedron of the de-
creasing sequence {

⋂k
i=0 Pi+1/2}k≥0

by successively adding
the non-redundant constraints in Pk+1/2 ∈ {Wk+1/2,Lk+1/2,

Dk+1/2} to the minimal representation of
⋂k−1

i=0 Pi+1/2. The
minimal representation is given by Algorithm 4.

Algorithm 4 Minimum representation of Dom(m) :
minRep(m)

Require: accepted mode vector m.
1: H = {}
2: if m1 ∈ {1, 2} then H = H ∪ {H1/2,H1}
3: if m1 ∈ {3, 4} then H = H ∪ {H0,H

c
1}

4: if m1 ∈ {5, 6, 7} then H = H ∪ {Hc
0,H

c
1/2}

5: for k ∈ {1, . . . , n} do
6: if mk = 1 then H = H ∪ {Hk+1}
7: if mk = 2 then H = H ∪ {Hc

k+1}
8: if mk = 3 then H = H ∪ {Hk+1/2}
9: if mk = 4 then H = H ∪ {Hc

k+1/2}
10: if mk = 5 then H = H ∪ {Hk+1/2,Hk+1}
11: if mk = 6 then H = H \ {Hc

k−1} ∪ {Hk,H
c
k+1}

12: if mk = 7 then H = H \ {Hc
k−1/2} ∪ {Hc

k+1/2,H
c
k}

13: end for
14: return the minimal representation H

Proposition 5: For every accepted mode vector m,
Algorithm 4 returns the minimal representation of the closure
of Dom(m). (Proof given in the Appendix)

C. Adjacent Polyhedra

Definition 5 (Adjacent Polyhedra): Two polyhedraP and P′

in a polyhedral partition of the space are said to be k-adjacent
if they have a face of dimension k in common, i.e., there
exists a supportive hyperplane ∂H for both P and P′ and the
intersection P ∩P′ ∩ ∂H is of dimension k. Then P and P′

are said to be ∂H-adjacent.
For an accepted mode vector m and its associated polyhe-

dron Dom(m), it is of interest to find the polyhedra of the
partition adjacent to it. Algorithm 5 returns all the polyhedra
of the partition (n + 1)-adjacent to Dom(m). First, the mode
string s(0) · · · s(n) and the minimal representation of Dom(m)

are computed with Algorithms 2 and 4. Then for all H ∈ H,
the algorithm computes the mode string of the polyhedron of
the partition ∂H-adjacent to Dom(m), and finds the associated
mode vector mH with Algorithm 3 (see Fig. 6 for an illustration
of the Algorithm).

Algorithm 5 Find all the polyhedra adjacent to Dom(m):
adj(m)

Require: accepted mode vector m
1: s(0) · · · s(n) = m2s(m)
2: H = minRep(m)
3: for H ∈ H do
4: s′(0) · · · s′(n) = s(0) · · · s(n)
5: fori ∈ {0, . . . , n} do
6: if H = Hi then s′(i) = D
7: if H = Hc

i then s′(i) = W
8: if H = Hi+1 then s′(i) = L
9: if H = Hc

i+1 then s′(i) = W
10: if H = Hi+1/2 then s′(i) = D
11: if H = Hc

i+1/2 then s′(i) = L
12: end for
13: mH = s2m(s′(0) · · · s′(n))
14: end for
15: return adjacent polyhedra {mH}H∈H

Definition 6: Two accepted mode vectors m and m′ are
adjacent if the closures of their respective domain Dom(m)
and Dom(m′) are (n + 1)-adjacent.

Proposition 6: For every accepted mode vector m,
Algorithm 5 returns all the accepted mode vectors adjacent to
m. (Formal proof given in the Appendix.)

Since Algorithm 4 adds at most 2 constraints per iteration,
minRep(m) has at most 2(n+ 1) constraints; hence, at most
2(n+ 1) accepted mode vectors are adjacent to m.

IV. HYBRID ESTIMATION ALGORITHMS

A. Kalman Filtering Algorithm for Each Mode Vector

In discrete time and space, the dynamics of the traffic flow
along a homogeneous section of highway is well described by
the Godunov scheme applied to the LWR equation with trian-
gular flux function (see Prop. 1). The small uncertainties on the
parameters of the model Am and bm can be reasonably covered
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Fig. 6. We want all the polyhedra of the partition adjacent to a fixed polyhe-
dron. First, we find all the K facet-defining hyperplanes of purple, i.e., minimal
representation. Then for each facet, we find the only polyhedron that shares this
facet with purple. Hence, K is also the number of polyhedra of the partition
adjacent to purple.

by a zero-mean Gaussian noise ηt ∼ N (0, Qt) with covariance
Qt. The discrete dynamics in mode vector m become

ρt+1 = Amρt + bm + ct + ηt. (19)

The mode vector m is no longer fixed by ρt, but a probability
distribution over all accepted mode vectors is maintained to take
into account the uncertainty in mode estimation; that is, at each
time step t, the model is in several different mode vectors with
positive probabilities. We add an observation model

zt = Htρt + χt (20)

where χt ∼ N (0, Rt) is the zero-mean observation noise with
covariance matrix Rt, and Ht is the dt × (n+ 2)-dimensional
linear observation matrix which encodes the dt observations
(each one of them being at a discrete cell on the discretization
domain) for which the density is observed during discrete time
step t, and n is the dimensionality of the system. In the traffic
case, sensing devices (such as loop detectors) are placed at
several locations along a section of highway, and their positions
are encoded in the matrix Ht. For example, in the discrete
case for n = 3, if one sensor is in cell 1 and another in cell
3, then both sensors provide observations zt1 = ρt1 + χt

1 and
zt2 = ρt3 + χt

2, which is in matrix form(
zt1
zt2

)
=

(
0 1 0 0 0
0 0 0 1 0

)
ρt +

(
χt
1

χt
2

)
(21)

where the state is ρt = (ρt0, ρ
t
1, . . . , ρ

t
5)

T . In this small exam-
ple, the observation matrix is Ht = (0) 1000 00010 and the
number of observations is dt = 2.

In the rest of the section, we use the standard notations
mj for the different mode vectors, and subscript j denotes
quantities that are pertaining to mode mj . Note that mj refers
to the whole mode vector m and not the entries of m.

Let ρ̂t:t and P t:t be the a posteriori state estimate and error
covariance matrix at time t. The predicted state estimate ρ̂t+1:t

j

and covariance estimate P t+1:t
j of the prediction step in mode

mj are

Prediction : ρ̂t:t+1
j = Ajρ̂

t:t + bj + ct

P t:t+1
j = AjP

t:t(Aj)
T +Qt. (22)

The measurement residual rt+1
j , residual covariance St+1

j ,

Kalman gain Kt+1
j , updated state estimate ρ̂t+1:t+1

j , and up-

dated estimate covariance P t+1:t+1
j of the update step in mode

j are

Residuals : rt+1
j = zt+1 −Ht+1ρ̂t:t+1

j

St+1
j = Ht+1P t:t+1

j (Ht+1)T +Rt+1

Kalman gain : Kt+1
j = P t:t+1

j (Ht+1)T (St+1
j )−1

Updates : ρ̂t+1:t+1
j = ρ̂t:t+1

j +Kt+1
j rt+1

j

P t+1:t+1
j = (I −Kt+1

j Ht+1)P t+1:t
j .

(23)

In [19], a measure of the likelihood of the Kalman filter in
mode j is given by the mode likelihood function Λt+1

j , where
N (x; a, b) is the probability density function of the normal
distribution with mean a and variance b

Λt+1
j = N

(
rt+1
j ; 0, St+1

j

)
. (24)

The noise might result in densities outside bounds. We
project onto [0, ρjam]

n+2, i.e., the equation is implicitly
ρ̂t+1:t+1
j = Π(ρ̂t:t+1

j +Kt+1
j rt+1

j ) where Π(·) is the projec-
tion operator. This is a legitimate because densities cannot be
negative nor exceed a maximum value ρjam.

B. Interactive Multiple Model KF

Let us denote by {m(t) = mj} the event that the system is
in the mode mj at time t. We then assume that the model is a
discrete-time stochastic linear hybrid system in which the mode
evolution is governed by the finite state Markov chain

μt+1 = Πμt (25)

where πij = P (m(t+1) = mj |m(t) = mi) for all mi,mj ∈
M is the mode transition matrix, μt

j = P (m(t) = mj) for all
mj ∈ M is the mode probability at time t; and the set of
accepted modes is M.

Effective estimation techniques for stochastic hybrid systems
are based in multiple models since it is natural to apply a
statistical filter for each of the modes. The Interactive Multiple
Model (IMM) algorithm [1], [4], [20] is a cost-effective (in
terms of performance versus complexity) estimation scheme in
which there is a mixing/interacting step at the beginning of the
estimation process, which computes new initial conditions for
the Kalman filters matched to the individual modes at each time
step as illustrated in Fig. 7.

We consider the IMM algorithm in which Mt is the set of
modes for which the Kalman filter is applied at time step t. The
set Mt is the set of modes mj with positive mode probabilities
Mt = {mj |μt

j > 0}. In the standard IMM, a filter is applied to
every mode. The components of the mixing step are the mixing
probability μ

t|t+1
ij of being in mode i at time t given that the

mode at time t+ 1 is j, the mixed condition ρ̂t:t
0j and P t:t

0j for
the state estimate and covariance of mode j at time t, and the
“spread-of-the-means” Xj in the expression of P t:t

0j . They are
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Fig. 7. Illustration of the structure of IMM algorithm for a two-mode system
from [27].

computed for j ∈ Mt+1 w.r.t. ρ̂t:t
i and P t:t

i , the state estimate
and its covariance of Kalman filter i at time t:

μ
t|t+1
ij =

1

Zj
πijμ

t
i for i ∈ Mt with Zj =

∑
i∈Mt

πijμ
t
i

ρ̂t:t
0j

=
∑
i∈Mt

ρ̂t:t
i μ

t|t+1
ij

P t:t
0j

=
∑
i∈Mt

P t:t
i μ

t|t+1
ij +Xj

Xj :=
∑
i∈Mt

(
ρ̂t:t
i − ρ̂t:t

0j

)(
ρ̂t:t
i − ρ̂t:t

0j

)T

μ
t|t+1
ij . (26)

We apply the Kalman filter in each mode j ∈ Mt+1 (KFj) as
described with ((22), (23)) and the resulting mode likelihood
functions Λt+1

j are obtained from ρ̂t+1:t+1
j and P t+1:t+1

j with
(24). The mode probability μt = {μt

j} is then updated through

μt+1
j =

1

Z
Λt+1
j

∑
i∈Mt

πijμ
t
i for j ∈ Mt+1 (27)

where Z is a normalization constant and Λt+1
j is the mode

likelihood function defined in (24). The output of the IMM
algorithm are the state estimate ρ̂t+1:t+1 which is a weighted
sum of the estimates from the Kalman filters in each mode and
its covariance P t+1:t+1, and the mode estimate m̂t+1 is the
mode which has the highest mode probability. They are given
by the combination step

ρ̂t+1:t+1 =
∑

j∈Mt+1

ρ̂t+1:t+1
j μt+1

j

P t+1:t+1 =
∑

j∈Mt+1

P t+1:t+1
j μt+1

j +X

X :=
∑

j∈Mt+1

(
ρ̂t+1:t+1
j − ρ̂t+1:t+1

)

×
(
ρ̂t+1:t+1
j − ρ̂t+1:t+1

)T
μt+1
j

m̂t+1 := argmaxj∈Mt+1 μt+1
j . (28)

In [13], [19], the IMM algorithm is used as a hybrid estimator
for air traffic control (ATC) tracking. The models used include
one for the uniform motion and one (or more) for the maneuver.
However, the discretized PDE model described in Section II has
an exponential number of modes, which induces an exponential
time complexity of the IMM.

C. Extended Kalman filter

In the simplest case, we assume that the only possible mode
at the next time is the mode mj of the estimate, i.e., Mt+1=
{mj} and μt+1

j =1 with ρ̂t:t∈Dom(mj). We apply the
Kalman filter only to this mode. With Mt={mi}, (26)
become

ρ̂t:t
0j

= ρ̂t:t
i , P t:t

0j
= Pi. (29)

We apply the Kalman filter only to mode mj to obtain ρ̂t+1:t+1
j

and P t+1:t+1
j . Finally, the outputs of the combination step given

by (28) are simply ρ̂t+1:t+1 = ρ̂t+1:t+1
j , P t+1:t+1 = P t+1:t+1

j ,

and m̂t+1 = mj .
In this model, the IMM algorithm is exactly an Extended

Kalman filter (EKF) applied to our discretized system presented
in Proposition 1. The linear model in mode m such that
ρ̂t:t ∈ Dom(m) coincides exactly with the linearization of the
discrete dynamics around ρ̂t:t.

Despite the exponential number of modes, we can compute
the predicted state estimate ρ̂t+1:t

j and the predicted covariance

estimate P t+1:t
j in mode mj [see (22)] in linear time and

quadratic time, respectively, without generating any dense ma-
trix because Aj is completely defined by mode vector mj and
Aj is tridiagonal (see Algorithm 7). Hence, the time complexity
of the prediction step is O(n2), with constant space complexity.
With d the number of observations (or number of sensors), the
time complexity of the update step of the Kalman filter given by
(23) is O(dn2 + d3 + nd2), and so as the two steps combined
of the KF.

In comparison, the Ensemble Kalman Filter (EnKF) is a
popular estimation algorithm for nonlinear dynamical systems.
It is commonly used in the traffic monitoring community [30].
The EnKF is based on a Monte Carlo approximation of the
Kalman filter which approximates the covariance matrix of
the state vector with the sample covariance of the ensemble.
The prediction step consists in applying the system’s dynamics
to each sample, which has complexity O(Nn2), where N is the
number of samples (ensemble members). Mandel’s report [22]
shows that the computational complexity of the update step of
the EnKF algorithm is O(d3+d2N+dN2+nN2). So the total
complexity of the EnKF is O(d3+d2N+dN2+nN2+Nn2).
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Algorithm 6 describes the EKF. The parameters L(1), . . . ,
L(7) ∈ R

3, w(1), . . . , w(7) ∈ R, given in Table I describe the
linear modes of our hybrid system.

Algorithm 6 (Explicit) Extended Kalman filter

Require: initial state ρ0 ∈ [0, ρjam]
n+2, boundary condi-

tions (u(t), d(t))t≥0, state covariance {Qt}t≥0, observations
{zt}t≥0, observation matrix {Ht}t≥0, observation covariance
{Rt}t≥0.

1: for t ∈ {0, 1, 2, · · ·} do
2: m = rho2m(ρ̂t) {mode estimate, see algo. 1}
3: (ρ̂t+1, P t+1)=KF(m, ρ̂t, P t, · · ·) {KF, see algo. 8}
4: end for
5: return (ρ̂t, P t)t≥0

Algorithm 7 Prediction step of Kalman filter in mode m :
predict(m,ρ, P, u+, d+, Q)

Require: mode vector m = [m1, . . . ,mn] ∈ {1, . . . , 7}n, cur-
rent state ρ = [ρ0, . . . , ρn+1] ∈ [0, ρjam]

n+2, current state
estimate covariance P , next boundary conditions u+, d+ ∈ R,
current state noise covariance Q.

1: ρ+0 = u+

2: ρ+n+1 = d+

3: for i ∈ {1, . . . , n} do
4: ρ+i = L(mi)× [ρi−1, ρi, ρi+1]

T + w(mi)
5: end for
6: M := zeros(n+2, n+2) {create temporary matrix M}
7: for (i, j) ∈ {1, . . . , n}2 do
8: Mij = L(mi)× [Pi−1,j , Pi,j , Pi+1,j ]

T {do A× P}
9: end for
10: for (i, j) ∈ {1, . . . , n}2 do
11: P+

ij =[Mi,j−1,Mi,j ,Mi,j+1]×L(mj)
T {do (AP )AT }

12: end for
13: P+ = P+ +Q {predict state covariance}
14: return ρ+, P+

Algorithm 8 Kalman filter in mode m :KF(m, ρ̂t, P t, u(t+
1), d(t+ 1), Qt, zt+1, Ht+1, Rt+1)

Require: mode vector m, current state ρ̂t, current state esti-
mate covariance P t, next boundary conditions u(t+ 1), d(t+
1), current state noise covariance Qt, next measurement zt+1,
next observation matrix Ht+1, next observation covariance
Rt+1.

1: (ρ̂t:t+1, P t:t+1)=predict(ρ̂t, P t, {· · ·}) {see algo. 7}
2: (ρ̂t+1, P t+1,Λt+1)=update(ρ̂t:t+1, {· · ·}) {see (23)}
3: return ρ̂t+1, P t+1,Λt+1

D. Extended Kalman filter: Numerical Results

In traffic estimation, the density measurements along the
highway are usually sparse. For example, in the 18-mile stretch
of I-880 Northbound in the Bay Area, CA [see Fig. 9(a)], the

Mobile Millennium traffic monitoring system receives mea-
surements from 29 loop detectors (PeMS) every 30 s on March
5th, 2012 between 7am and 8am. This section of highway
is discretized into cells of length 198 m, hence n = 148 and
m = 29, and the EnKF with 100 ensembles is currently used for
traffic estimation, so N = 100 and m ≤ min(n,N). Hence, the
time complexities of the KF (or EKF) and EnKF are O(mn2)
and O(n2N + nN2), respectively. With N large (> 50), the
complexity analysis predicts that the EKF should be faster than
the EnKF.

The running times of the implementation of both the EKF
and the EnKF estimators on an Intel Core i5 480M 2.67 GHz are
shown in Fig. 8(a), for increasing portions of the I-880 starting
from East Industrial in Fremont, CA. For example, 60 cells
(∼7.5 miles) span from East Industrial to Dumbarton Bridge,
and 113 cells (∼14 miles) reaches San Mateo Bridge. The EKF
is significantly faster than the EnKF with 100 samples, which
is implemented in the Mobile Millennium. This confirms our
complexity analysis of both algorithms.

Fig. 9(c), (d) shows the contour plots of the output of the
EnKF and the EKF estimators, which consists in the density
in the time-space domain. The regions with high densities are
represented in red and the regions with low densities in blue.
Both estimators give very similar higher resolution scalar fields
of the density (1440 time steps by 141 cells) by assimilating
sparse density measurements (240 time steps by 29 PeMS sta-
tions, see Fig. 9(b)). Moreover, by removing measurements at
an arbitrary cell, Fig. 8(b) shows that the estimation algorithm
performs well since the density estimate is close to the actual
measurement.

In summary, the explicit representation as a switched hybrid
system gives a powerful framework for tracking the mode
evolution and preforming hybrid estimation. For instance, the
EKF can be implemented easily by applying the KF in the mode
vector of the state estimate. However, straight application of
the IMM algorithm [19] is not tractable because the complexity
is O(τn(2.247)

n) where τn is the complexity of the KF and
(2.247)n is the asymptotic number of modes.

V. REDUCED IMM

A. Reduction to Adjacent Modes

We presented an algorithm to construct the minimal rep-
resentation of Dom(m), which enables to find the adjacent
modes. Moreover, two adjacent modes only differ by at most
two entries. Hence, when the discretized model is in quasi-
steady state, and n is relatively small, only one cell switches
mode at the next time step, so the state is most likely to jump
to an adjacent mode vector. This suggests to consider only the
mode of the state estimate and its adjacent modes. Hence, the
number of modes considered is less than 2(n+ 1).

We can further reduce the number of modes by taking into ac-
count the state covariance P and the distance between the state
estimate and the facets of the polyhedron. Let H be the minimal
representation of the mode vector m̂ of the state estimate (i.e.,
ρ̂ ∈ Dom(m̂)), and let H ∈ H with equation H = {ρ|a · ρ−
b ≤ 0} and ‖a‖2 = 1. Then the distance from the supportive
hyperplane ∂H is: d(ρ̂, ∂H) = min ‖ρ̂− ∂H‖2 = |b− a · ρ̂|.
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Fig. 8. (a) Computational time for an increasing section of the I-880 (measured in the number of cells) for the EKF (dashed line), the EnKF with 50 ensembles
(continuous line), the EnKF with 100 ensembles (dashed-dotted line), and the EnKF with 150 ensembles (dotted line). (b) Comparison between the density
measurements (dashed line) and estimates (bold line) at cell 87 and cell 104.

Fig. 9. (a) Experimental data location: 18-mile long stretch of I-880 in the Bay Area on the Mobile Century site. (b) Contour plot of the density from the
29 PeMS stations every 30 s on March 5th, 7–8am. Each vertical line in the contour plot reports the measurements from the 29 sensors along the highway at a
specific time. (c) Output of the EnKF d) Output of the EKF. The time step is on the x-axis and the number of cells is on the y-axis. Each vertical line of the
diagram is a snapshot of the state estimate of the highway at a specific time.

The probability distribution of the state along the normal a to
∂H is Ke−((a·(ρ−ρ̂))2/2aTPa), so the probability that the state
is inside of half-space H along the normal a is

K

|b−a·ρ̂|∫
−∞

e−
t2

2aT Pa dt =
1

2

(
1 + erf

(
|b− a · ρ̂|√
2aTPa

))

where erf is the error function. Since erf is an increasing
function, we keep only the ∂H-adjacent modes for which the
following quantity is small (see Algorithm 9)

r(ρ̂,H) =
|b− a · ρ̂|√
2aTPa

, H ∈ H. (30)

Algorithm 9 Find all adjacent polyhedra close to ρ̂:
adj2(m, ρ̂, P, β)

Require: mode estimate m̂, state estimate ρ̂, state estimate
covariance P , tolerance β

1: s(0) · · · s(n) = m2s(m̂)
2: H = minRep(m̂)
3: for H ∈ H do
4: if H = Hi then r = |ρi − ρc|/

√
2Pii

5: if H = Hi+1/2 then r = |ρi+1 + (vf/wf )ρi −
ρjam|/

√
2(vf/wf )2Pii + 4(vf/wf )Pi,i+1 + 2Pi+1,i+1

6: if r > β then remove H from H
7: end for
8: execute lines 3 to 14 of Algorithm 5
9: return adjacent polyhedra close to state estimate

{mH}H∈H

This is a refinement of the EKF. Instead of relying on one
possible mode, we consider a set of possible adjacent modes
at time t and apply the KF to each one of them. However, the
adjacent modes differ by only one or two entries, so they only
represent a restricted set of close possibilities centered around
the mode estimate. Hence, the reduced IMM based on adjacent
modes is still very similar to the EKF.

B. Representative Mode Vectors With Clustering Algorithm

An intuitive method consists in using a clustering algorithm
to reduce the space of modes to a representative set MK .
Historical data of traffic density estimate on March 1st, 2012
[see Fig. 10(i)] provides T = 9355 observations or samples
of the state vector, where T is the number of time steps in the
observed data. We partition these T samples into K clusters
using the popular k-means algorithm. The centroid of each
cluster, which may not necessarily be a member of the data
set, are density vectors that represent particular states of the
highway which are representative of its evolution. They are
shown in Fig. 10(a), (d). We have the index of the cluster on
the x-axis and the position along the highway on the y-axis.
For instance, the first cluster represents a density vector of the
highway mostly in free flow whereas the last cluster represents
the density vector of the highway mostly in congestion in the
top part.

Then, we derive the modes of these K centroids, and we
assume that our system can only be in these K modes. They
are illustrated in Fig. 10(e). We have the index of the modes
on the x-axis, and the position on the highway along the y-
axis. Each column represents a modal regime of the highway.
For example, in the first mode vector (in the first column),
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Fig. 10. (i) Traffic density estimate on March 1st, 2012 from 7am to 7pm. (ii) Traffic density estimate on March 5th, 2012 from 7am to 7pm. a,b,c) 20 clusters of
the density space using k-means on March 1st, 2012 from 7 to 8am, the corresponding modes, and the log likelihood. d,e,f) 20 clusters of the density space using
k-means on March 1st, 2012 from 7am to 7pm.

the cells are in mode 7 in the upstream part, and the cells in
the downstream are in mode 1. When ρi−1, ρi, ρi+1 > ρc for a
particular cell i, the Godunov flux (7) is in congestion regime
at both interfaces i− 1|i and i|i+ 1 and cell i is in mode 1
(see Table I). Conversely, mi = 7 when the Godunov flux is in
free flow regime at both interfaces: ρi−1, ρi, ρi+1 < ρc. Hence,
the regions in which mi = 1 (resp. mi = 7), colored in red
(resp. blue), represent cells that are in congestion (resp. free
flow) regime. The cells are in the other modes {2, 3, . . . , 6}
correspond to a transition regime between free flow and con-
gestion. We apply the IMM with this reduced set of modes
to estimate the traffic on March 5th. This is a valid approach
since the traffic conditions are similar during weekdays [see
Fig. 10(i), (ii)].

Algorithm 10 Clustering historical data:
cluster({ρt}t∈{1,...,T })

Require: observed data set {ρt}t∈{1,...,T }
1: partition {ρt}t∈{1,...,T } into K clusters and get centroids

{ρ̄k}k∈{1,...,K}
2: for k ∈ {1, . . . ,K} do m̄k = rho2m(ρ̄k); end for
3: return set of K representative modes

MK = {m̄k}k∈{1,...,K}

To determine the optimal number of clusters, we have applied
the above procedure to one hour of observed data, on March 1st
from 7am to 8am. The density centroids and their mode are
shown in Fig. 10(a), (b). Then we applied the IMM algorithm
on March 5th from 7am to 8am and compared it against the state
estimate given by the EnKF for different numbers of clusters.
We have calculated the log-likelihood which is a measure of
the performance of the estimation scheme. We see that the
optimal number of clusters is 3, because adding more clusters
will not increase the performance of the estimation algorithm

[see Fig. 10(c)]. We have also applied the procedure to 12 hours
of observed data. In this case, the optimal number of clusters
increases to 5. This is expected because we have a greater
variety of regimes in 12 hours. This proves the efficiency of the
IMM algorithm applied with this representative modes, because
the complexity is a small factor of the EKF.

C. Implementation and Numerical Results

Algorithm 11 presents the four variants of the IMM algo-
rithm discussed above. With only the mode of the state estimate
(variant = ‘EKF’), the IMM is reduced to the EKF algorithm.
If we add the adjacent modes (RIMM1), we obtain an im-
provement on the EKF with at most 2(n+ 1) modes. When
we only consider the adjacent modes close to the state estimate
(RIMM2), then the number of modes depends on the tolerance
β in Algorithm 9. In the last variant (RIMM3), discussed in
Section V-B, we suppose that the system can only switch
between K representative mode vectors. We implement our
algorithms on the same experimental data location as in IV-D.
As mentioned in [19], the choice of the transition probabilities
only affects slightly the performance of the IMM algorithm.
The guideline for a proper choice is to match roughly the
transition probabilities with the actual mean sojourn time of
each mode. In RIMM1 and RIMM2, it is difficult to estimate
the transition probabilities because of the exponential number
of modes, so we suppose that the system is equally likely
to transition to all the modes. In RIMM3, we take sample
transition probabilities from the observed data:

π̃ij =
γ +

∑T
t=1 I(ρ

t ∈ Ci, ρt+1 ∈ Cj)
γK +

∑T−1
t=1 I(ρt ∈ Ci)

(31)

where the sets {Ck}k are the Voronoi cells centered on centroids
{ρ̃k} computed in Algorithm 10, I is the indicator function, and
γ controls the smoothing from the uniform transitions.
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Fig. 11. Contour plot of the density given by (a) the EnKF with 100 ensembles on May 5th, 10am-7pm, (b) the RIMM3 with five clusters on May 5th, at
10am–1pm, 1–4pm, 4–7pm, (c) the RIMM2 with β = 1 on May 5th, 7–8am, (d) the RIMM3 with 20 clusters using the k-means algorithm on May 5th, 7–8am.
Analysis of each time step of the RIMM2 with β = 1: (e) plot of the mode estimate, (f) number of modes selected by RIMM2, (g) computational time, (h) number
of cells with density close to ρc.

Algorithm 11 IMM with reduced number of modes:
IMM(algorithm)

Require: initial state ρ0, boundary conditions {u(t), d(t)}t≥0,
state covariance {Qt}t≥0, observations {zt}t≥0, observation
matrix {Ht}t≥0, observation covariance {Rt}t≥0.

1: M0 = {rho2m(ρ0)} {initial set of modes is the mode
of ρ0}

2: for t ∈ {0, 1, 2, · · ·} do
3: m = rho2m(ρ̂t) {Algo 1}
4: if ‘EKF’ then Mt+1 = {m}
5: if ‘RIMM1’ then Mt+1 = {m} ∪ adj(m) {Algo 5}
6: if ‘RIMM2’ then Mt+1 = {m} ∪ adj2(m, ρ̂t, P t, β)

{Algo 9}
7: if ‘RIMM3’ then Mt+1 = MK {Algo 10}
8: for mj ∈ Mt+1 do
9: (ρ̂t

0j , P
t
0j) = mixing((ρ̂t

i, P
t
i , μ

t
i)i∈Mt) {see (26)}

10: (ρ̂t+1
j , P t+1

j ,Λt+1
j ) = KF(mj , ρ̂

t
0j , P

t
0j , · · ·)

{Algo. 8}
11: μt+1

j = modeProbUpdate(Λt+1
j ) {see (27)}

12: end for
13: (ρ̂t+1, P t+1, m̂t+1) =

combination((ρ̂t+1
j , P t+1

j , μt+1
j )

j∈Mt+1) {see (28)}
14: end for
15: return (ρ̂t, P t)t≥0

The EnKF is a popular estimation algorithm based on
Monte-Carlo approximation of the Kalman filter. The re-
sults are compared with the EnKF estimate presented in
Section IV-C. Figs. 9(c), (d), 11(c), (d) present the four esti-
mates which consist in the density in the time-space domain.
The regions with high (resp. low) density are represented in
red (resp. blue). The estimators give similar higher resolution
scalar fields of the density (1440 time steps by 141 cells)

by assimilating sparse density measurements (240 time steps
by 29 PeMS stations. The shock wave propagation is more
noticeable in the output of RIMM estimators in the congested
regions.

The density centroids have also been computed to get a set
of 5 representative mode vectors for each of the 10am–1pm,
1–4pm, 4–7pm time periods on March 1st, and we applied
RIMM3 to estimate the density on March 5th at the same time
periods. The estimates are very similar [see 11(a), (b)].

Fig. 11(e) shows the mode estimate computed in the com-
bination step of the IMM. Each column represents a modal
regime of the highway at a specific time. Finally, Fig. 11(f), (g),
(h) show that the number of modes selected, the computational
times, and the number of cells with density close to ρc at each
time step are proportional.

VI. CONCLUSION

We introduce a new class of algorithms to estimate dis-
cretized hyperbolic PDEs. When the Godunov scheme is used
to discretize the LWR PDE with a triangular flux function, we
showed that the resulting nonlinear dynamical system can be
decomposed in piecewise affine components. While the IMM
seems a natural approach, it becomes intractable because of
the exponential number of modes. We then study the validity
domain of each mode and show that the state space can be
divided into an exponential number of polyhedra.

Feasible heuristics are suggested for the estimation of hybrid
multi-cellular systems based on the reduction of the number
of modes. On one hand, we take advantage of the geometric
properties of the partition into polyhedra to reduce the set of
modes to a feasible set of adjacent modes centered around the
mode of the state estimate. On the other hand, a clustering
algorithm is applied in order to group the modes in clusters,
and we show that when the historical data is chosen properly,
the optimal number of clusters is less than 5. Hence, the
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implementation of the reduced IMM algorithm shows that it is
tuned to the discretized model due to its PWA structure.

We have constructed a framework for the estimation of the
discretized LWR PDE which enables: 1) the use of Kalman
filtering on each of the linear modes, 2) the use of statistical
analysis in the space of modes to make the IMM tractable. We
believe this work offers several directions of future research: it
can inspire other feasible heuristics for the state estimation in
other multi-cellular hybrid systems models. In particular, piece-
wise affine approximations of other flux functions combined
with the Godunov scheme induce similar hybrid systems with
an exponential number of modes and an adjacent polyhedral
representation of the state space. Such representation is similar
to the binary space partition (BSP) widely used in computa-
tional geometry, which could be used to determine the mode of
the estimate.

APPENDIX

A. Proof of Proposition 3

We count the number of accepted mode strings recursively
on the length k of the string. Let Nk be the number of accepted
strings, Fig. 4 shows the 16 accepted strings of length 3. Let
us denote by wk (resp. lk, dk) the number of accepted strings
which last element is W (resp. L,D). Then for all k ≥ 0

w0 = l0 = d0 = 1

wk+1 = wk + lk + dk

lk+1 = wk + dk

dk+1 = lk + dk

=⇒

⎡
⎣wk

lk
dk

⎤
⎦=Ak×

⎡
⎣w0

l0
d0

⎤
⎦, A=

⎡
⎣ 1 1 1
1 0 1
0 1 1

⎤
⎦ (32)

hence, Nk = wk + lk + dk = eTAkewitheT = [111]. Diag-
onalizing the matrix A gives A = V DV −1 with D :=
diag(λ1, λ2, λ3) where λ1, λ2, λ3 are the eigenvalues of A in
increasing order. Since λ3 is the only eigenvalue above 1 in
absolute value, we have

Dk=diag
(
λk
1 , λ

k
2 , λ

k
3

)
∼diag

(
0, 0, λk

3

)
when k−→+∞

hence eTAke≈eTV diag
(
0, 0,λk

3

)
V −1e=λk

3(V
T e)3(V

−1e)3

≈ 3.1778 · (2.2470)k.

B. Proof or Proposition 5

In this section and the following one, we consider the closure
Hk,Hk+1/2,H

c
k,H

c
k+1/2 of the half-spaces defined in (18),

and for simplicity we still denote them without bar.
Lemma 3: The following inclusions for the half-spaces Hk,

Hk+1/2, Hk+1 for k ∈ {0, . . . , n} hold:

Hk ∩Hk+1 ⊂ Hk+1/2

Hc
k ∩Hk+1/2 ⊂ Hk+1

Hc
k+1/2 ∩Hk+1 ⊂ Hc

k

Hc
k ∩Hc

k+1 ⊂ Hc
k+1/2. (33)

Proof: The proof is easy. See Fig. 5 for an illustration of
these inclusions. �

Proof of Proposition 5: We fix an accepted mode vector m
and we fix the associated decomposition (16), which gives the
sequence Pk+1/2, k ∈ {0, . . . , n}. Let H be the set of half-
spaces (or linear inequalities) in [0, ρjam]

n+2 defined in algo-
rithm 4. First, we express Dom(m) in the form Dom(m) =⋂n

i=0 Pi+1/2, then we prove by induction that at the kth iter-
ation of the for loop in algorithm 4, the intersection of all the
half-spaces in the current H is the minimal representation of⋂k

i=0 Pi+1/2.
Initialization k = 1: if m1 ∈ {1, 2}, then we have H =

{H1/2,H1} from the algorithm and P1/2 = W1/2 from Ta-
ble I. The expression ∩H∈HH = H1/2 ∩H1 is clearly the
minimal representation of W1/2 from (17). The cases m1 ∈
{3, 4} and m1 ∈ {5, 6, 7} follow similarly.

Step k: The algorithm provides H− and H which are the min-
imal representations of

⋂k−2
i=0 Pi+1/2 and

⋂k−1
i=0 Pi+1/2, respec-

tively. We want to show that the algorithm updates H to H+,
such that H+ is the minimal representation of

⋂k
i=0 Pi+1/2.

We have seven cases:
a) If mk = 1, then from Table I and (17)

Pk−1/2 =Wk−1/2 = Hk−1/2 ∩Hk

Pk+1/2 =Wk+1/2 = Hk+1/2 ∩Hk+1

in the expression (16), hence H ⊂ H− ∪ {Hk−1/2,Hk}.
In this case, algorithm 4 adds constraint Hk+1 to H, so
H+ ⊂ H− ∪ {Hk−1/2,Hk,Hk+1}. Then

Hk−1/2∩Hk∩Hk+1 =(Hk−1/2∩Hk)∩ (Hk+1∩Hk+1/2)

=Wk−1/2∩Wk+1/2

where the third equality is from Hk ∩Hk+1 ⊂ Hk+1/2

in (33). Hence, H+ is a representation of ∩k
i=0Pi+1/2.

Finally, H+ is minimal because the added constraint
Hk+1 is the only constraint on ρk+1, so it is not redundant
with the constraints in H.

b) If mk = 2, then Pk−1/2 and Pk+1/2 in the expression
(16) are

Pk−1/2 =Wk−1/2 = Hk−1/2 ∩Hk

Pk+1/2 =Lk+1/2 = Hk ∩Hc
k+1

and constraint Hc
k+1 is added to H in algorithm 4, so

H+ ⊂ H− ∪ {Hk−1/2,Hk,H
c
k+1}, and

Hk−1/2 ∩Hk ∩Hc
k+1 =(Hk−1/2 ∩Hk) ∩

(
Hk ∩Hc

k+1

)
=Pk−1/2 ∩Pk+1/2

so ∩H∈H+H = ∩k
i=0Pi+1/2, i.e., H+ is a representation

of ∩k
i=0Pi+1/2. This is the minimal representation be-

cause the added constraint Hc
k+1 is the only constraint

on ρk+1.
c) If mk = 3, the analysis is similar to case mk = 1.
d) If mk = 4, the analysis is similar to case mk = 2.
e) If mk = 5, then Pk−1/2 = Dk−1/2 = Hc

k−1 ∩Hc
k−1/2

and Pk+1/2 = Wk+1/2 = Hk+1/2 ∩Hk+1 in expres-
sion (16). Algorithm 4 adds constraints Hk+1/2,Hk+1

to H; hence, H+ is a representation of ∩k
i=0Pi+1/2. It
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is easy to see that the constraints Hk+1/2 ∩Hk+1 are not
redundant; hence, H+ is the minimal representation of
∩k
i=0Pi+1/2.

f) If mk = 6, then Pk−1/2 = Dk−1/2 = Hc
k−1 ∩Hc

k−1/2

and Pk+1/2 = Lk+1/2 = Hk ∩Hc
k+1 in expression (16).

We have H ⊂ H− ∪ {Hc
k−1,H

c
k−1/2}. Algorithm 4

removes constraint Hc
k−1 from H (if H contains it)

and adds constraints Hk,H
c
k+1, hence H+ ⊂ H− ∪

{Hc
k−1/2,Hk,H

c
k+1}. The only potential redundancies

in H+ would be between Hc
k−1/2 and the newly added

constraints Hk,H
c
k+1. It is easy to verify that there is no

redundant constraint in H+. Finally, since we have the
inclusion Hc

k−1/2 ∩Hk ⊂ Hc
k−1 from (33)

Hc
k−1/2 ∩Hk ∩Hc

k+1=
(
Hc

k−1∩Hc
k−1/2

)
∩
(
Hk ∩Hc

k+1

)
=Dk−1/2 ∩ Lk+1/2

g) hence H+ is the minimal representation of ∩k
i=0Pi+1/2.

If mk = 7, the analysis is similar to case mk = 6.

Hc
k−1∩Hc

k∩Hc
k+1/2=

(
Hc

k−1∩Hc
k−1/2

)
∩
(
Hc

k∩Hc
k+1/2

)

=Dk−1/2 ∩Dk+1/2.

hence H+ is the minimal representation of ∩k
i=0Pi+1/2. This

finishes the proof.

C. Proof of Proposition 6

Lemma 4: The following inclusions for the half-spaces Hi,
Hi+1/2, Hi+1 defined in (18) for i ∈ {0, . . . , n} hold:

Hc
i+1/2 ∩Hi+1 ⊂ Di+1/2 Hi+1/2 ∩Hc

i+1 ⊂ Li+1/2

Hc
i ∩Hc

i+1 ⊂ Di+1/2 Hi ∩Hi+1 ⊂ W i+1/2

Hi+1/2 ∩Hc
i ⊂ W i+1/2 Hc

i+1/2 ∩Hi ⊂ Li+1/2.

(34)

Proof of Proposition 6: We fix the mode vector m, its
domain Dom(m) = ∩n

i=0Pi+1/2, its mode string s, and its
minimal representation H. Let H ∈ H. Since algorithm 4 (min-
Rep) only adds constraints of the form Hi,Hi+1/2,H

c
i ,H

c
i+1/2

in (18) when finding the minimal representation, and the
minimal representation is unique, we must have H ∈
(∪n+1

i=0 {Hi,H
c
i}) ∪ (∪n

i=0{Hi+1/2,H
c
i+1/2}). We have 4 dif-

ferent cases (the 4 cases when H is a constraint at the bound-
aries are not covered)

a) Suppose H = Hi for i ∈ {1, . . . , n}. Since Hi only ap-
pears in Wi−1/2 and Li+1/2 in (17), then algorithm 4
only adds Hi to the minimal representation if Pi−1/2 =
Wi−1/2 = Hi−1/2 ∩Hi and Pi+1/2 = Li+1/2 = Hi ∩
Hc

i+1. We define the polyhedron

P= ∩
j∈{0,...,n}\{i−1,i}

Pj+1/2∩
(
Hc

i∩Hc
i+1

)
∩
(
Hi−1/2 ∩Hc

i

)

by substituting the constraint Hi in Dom(m) =
∩n
i=0Pi+1/2 by the opposite constraint Hc

i . Since Hi is in
the minimal representation, P must be proper (otherwise
Hi would be redundant).

We have P ⊂ j ∈ {0, . . . , n} \ {i− 1, i} ∩Pj+1/2∩
(Li−1/2 ∩Di+1/2) from the inclusions in (34); hence,
the subset on the right-hand side is proper. Since this
subset is also of the form ∩Pj+1/2, it is the domain
of an accepted mode vector, and so a polyhedron of
the partition. By construction, it is (n + 1)-adjacent to
Dom(m). Its associated mode string is obtained from s
by replacing entry s(i− 1) = W with L when line 8 in
the for loop is executed at iteration i− 1, and by replacing
s(i) = L with D when line 6 is executed at iteration i.
The case H = Hc

i for i ∈ {1, . . . , n} is similar.
b) Suppose H = Hi+1/2 for i ∈ {0, . . . , n}. Since Hi+1/2

only appear in Wi+1/2, we have Pi+1/2 = Wi+1/2 =
Hi+1/2 ∩Hi+1. Let P := j �= i ∩Pj+1/2 ∩ (Hc

i+1/2 ∩
Hi+1) ⊂ j �= i∩Pj+1/2∩Di+1/2, then j �= i∩Pj+1/2∩
Di+1/2 is proper, and it is a polyhedron of the partition
(n + 1)-adjacent to Dom(m) by construction. Its associ-
ated mode string is obtained by replacing s(i) = W with
D when line 10 of the algorithm is executed at iteration i.
The case H = Hc

i+1/2 for i ∈ {0, . . . , n} is similar. This
finishes the proof.
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