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Abstract

In arterial networks, traffic flow dynamics are driven by the presence of traffic signals, for
which precise signal timing is difficult to obtain in arbitrary networks or might change over time.
A comprehensive model of arterial traffic flow dynamics is necessary to capture its specific fea-
tures in order to provide accurate traffic estimation approaches. From hydrodynamic theory,
we model arterial traffic dynamics under specific assumptions standard in transportation engi-
neering. We use this flow model to develop a statistical model of arterial traffic. The statistical
approach is essential to capture the variability of travel times among vehicles: (1) the delay
experienced by a vehicle depends on the time when it enters the link (in relation to the signal
green/red phases) and this entrance time can occur at any random time during the cycle and (2)
the free flow speed of a vehicle depends both on the driver and on external factors (jaywalking,
double parking, etc.) and is another source of uncertainty. These two sources of uncertainty
are captured by deriving the probability distribution of delays (from hydrodynamic theory) and
modeling the nominal free flow travel time as a random variable (which encodes variability in
driving behavior). We derive an analytical expression for the probability distribution of travel
times between any two locations on an arterial link, parameterized by traffic parameters (cycle
time, red time, free flow speed distribution, queue length and queue length at saturation).

We validate the model using probe vehicle data collected during a field test in San Francisco,
as part of the Mobile Millennium system. The numerical results show that the new distribution
derived in this article more accurately represents the actual distribution of travel times than
other distributions that are commonly used to represent travel times (normal, log-normal and
Gamma distributions). We also show that the model performs particularly well when the amount
of data available is small. This is very promising as the volume of probe vehicle data available
in real time to most traffic information systems today remains sparse.
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1 1 Introduction and related work

2 Traffic congestion comes with important external costs due to added travel time, wasted fuel
3 and increased traffic accidents [33]. An accurate, reliable system for estimating and forecasting
4 traffic conditions is essential to operations and planning. Historically, the design of highway
5 traffic monitoring systems relied mostly on dedicated sensing infrastructure (loop detectors,
6 radars, video cameras). When properly deployed, these data feeds provide sufficient information
7 to reconstruct macroscopic traffic variables (flow, density, velocity) using traffic flow models
8 developed in the literature [26, 31, 12]. However, for the secondary network or highways not
9 covered by this infrastructure, traffic estimation relies on probe vehicle data, which comes from
10 various sources (fleets, smartphones, RFID tags), each with their own specific issues (sparsity,
1 bias, noise, coverage).

12 Proof of concept studies have demonstrated the feasibility of designing highway traffic mon-
13 itoring systems relying on probe data only [19, 36]. However, arterials come with additional
14 challenges: the underlying flow physics which governs them is more complex and highly variable
15 (traffic lights with unknown cycles, turn movements, pedestrian traffic). Microscopic models
16 have mainly focused on modeling single intersections (or a few intersections) relying on signifi-
17 cant data availability assumptions (including signal timing, vehicle counts or a high penetration
18 rate of travel time measurements) [6]. While macroscopic flow models exist for the secondary
19 network [17, 32], their parameters require site-specific calibration experiments. In addition, even
20 if they were known, the complexity and statistical variability of the underlying flows make it
21 challenging to perform estimation of the full macroscopic state of the system at low penetration
22 rates of probe vehicles (which appears to be one of the few available data sources for arterial
23 networks in the near future, at a global scale).

24 An important challenge in arterial traffic estimation is the characterization of travel time
25 distributions, which was first studied with the emergence of flow-based traffic engineering [8].
2 Previous research uses vertical queueing theory to study the probability distribution of delays
27 and queue lengths under stationary assumptions. Vertical queues presume that vehicles do not
28 back up over the length of the roadway, but rather stack up upon one another at the stop line of a
29 traffic signal. Under fixed cycle assumption, the derivation of the average delay and queue length
30 at the end of the green time is derived using analytical expressions and numerical simulations for
31 Poisson arrivals [35, 29] and more general arrival distributions [14, 11, 25]. The characterization
32 of the stationary delay distribution was derived under simplified assumptions [5, 18], using
33 numerical methods [30]. Recent work proposes a method to dynamically estimate the mean and
34 variance of delay but does not characterize the entire distribution [34]. Vertical queuing theory
35 does not model how vehicles physically queue over the length of the roadway. To address this,
36 we propose using a horizontal queuing theory based approach in this article. For practitioners,
37 analytical formulas of the mean delay are given in the Highway Capacity Manual [3] and related
38 work [16]. They rely on static parameters of the road (number of lanes, average flow, cycle
39 timing), rarely accessible on large scale networks.

40 We use the physics of traffic flows as a basis for designing probability distributions of the
4 traffic variables. This work provides a hydrodynamic theory based statistical model of arterial
42 traffic. We formulate specific assumptions on the physics of traffic flow to make the problem
43 tractable while keeping it realistic. We derive analytical expressions for the probability distri-
44 butions of travel times between arbitrary points of a link of the network. These distributions
45 are characterized by a small set of parameters with direct physical interpretation (signal timing,
46 queue length). When travel time measurements are available, e.g. from sparsely sampled probe
47 vehicles representative of today’s available data, one can estimate these parameters and thus
48 estimate the probability distribution of travel times. Ultimately, our approach estimates pa-
49 rameters that were assumed given in previous research and these parameters represent valuable
50 information for traffic management entities.
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51 The rest of this article is organized as follows. In Section 2, we present traffic theory re-

52 sults derived from hydrodynamic models and horizontal queuing theory. We use these results in
53 Section 3 to derive parametric delay distributions between two points on an arterial link (Sec-
54 tion 3). We discuss the estimation capabilities of the parameters of the model (signal timing,
55 queue length) depending on the sampling scheme. Noticing that the travel time is the sum of
56 the delay and the free flow travel time, we derive the probability distribution of travel times
57 in Section 4 and study how we can learn its parameters (in particular the red time, the queue
58 length and the congestion level) using sparsely sampled probe vehicles. We study the estimation
50 capabilities of the algorithm in Section 5 using high-frequency probe vehicle data collected by
60 the Mobile Millennium system.
61 2 Traffic low modeling and horizontal queueing theory
62 2.1 Traffic model
63 In traffic flow theory, it is common to model vehicular flow as a continuum and represent it with
64 macroscopic variables of flow ¢q(z,t) (veh/s), density p(x,t) (veh/m) and velocity v(z,t) (m/s).
65 The definition of flow gives the following relation between these three variables [26, 31]:

q(z,t) = p(z,t) v(x,t). (1)
66 Experimental data has shown a relationship between flow and density known as the fundamental
67 diagram (FD) of traffic flows [12], represented by the relation ¢ = wzlp). In this article, we make
68 the common assumption in arterial traffic of a triangular FD [13, 27]. It is fully characterized
69 by: vy, the free flow speed (m/s); pmax, the jam (or maximum) density (veh/m); and gmax, the
70 capacity (veh/m). Its analytical expression is given by:

f . max v

P(p) = vrp ' pE0p] ,Wlthpczq % and w= LY
Gmax — U)(p - ,Oc) if 14 € [pC> pmax] Uf Pmax — Pec
7 We note that p. represents the boundary density value between (i) free flowing conditions
72 for which cars have the same velocity and do not interact and (ii) saturated conditions for
73 which the density of vehicles forces them to slow down and the flow to decrease. When a queue
74 dissipates, vehicles are released from the queue with the maximum flow—capacity gmax—which
75 corresponds to the critical density p. = ¢max/Vs-
76 For a given road segment of interest, the arrival rate at time ¢, i.e. the flow of vehicles entering
7 the link at ¢, is denoted by ¢,(t). Equation (1) relates it to the arrival density pq(t) = ¢o(t)/vy.
78 2.2 Traffic flow modeling assumptions
79 We make the following assumptions on the dynamics of traffic flow:
80 1. Triangular fundamental diagram: standard assumption in transportation engineering [13].
81 2. Stationarity of traffic: during each estimation interval, the parameters of the light cycles (red
82 time R and cycle time C) are constant and the arrival rate of vehicles is C-periodic. This
83 applies in particular to fixed time signals or signal plans which remain constant for several
84 cycles. Moreover, we assume that there is no consistent increase or decrease in the length of
85 the queue, nor instability. With these assumptions, the traffic dynamics are periodic with
86 period C (length of the light cycle). This work is primarily focused on estimating travel
87 time distributions for cases in which measurements are sparse. The assumption of stationary
88 quantities for a limited period of time does not limit the derivations of the model because
89 we are interested in trends rather than fluctuations. The duration of time intervals during
4
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90 which traffic is assumed stationary may depend on the time of the day as conditions may

o1 change more rapidly at the beginning and at the end of rush hour periods, as congestion
92 forms and dissipates. Note that an algorithm which detects changes in traffic conditions [21]
93 may be run in parallel to dynamically update estimation intervals depending on the traffic
94 conditions.
95 3. Uniform arrivals: the desire to derive an analytical model of arterial traffic leads to the
9% simplifying assumption of constant arrival density p, for each estimation interval. Note
7 that constant arrivals are periodic with period C (for any C) and thus, traffic dynamics
98 remain stationary under this assumption. We will discuss how to relax this assumption in
99 the remainder of this article.
100 4. Model for differences in driving behavior: the free flow pace (inverse of the free flow speed)
101 is not the same for all vehicles: it is modeled as a random variable with parameter vector
102 0,—e.g. the free flow pace has a Gaussian or Gamma distribution with parameter vector
103 0, = (py, o,)" where p ¢ and o, are respectively the mean and the standard deviation of the
104 random variable.
105 Remark (Multi-lane arterials). We do not take into account lane changes, passing or merg-
106 ing in this model. For an arterial link with several lanes, we assume that there is one queue per
107 lane, with its own dynamics. The parameters of the road network and the level of congestion
108 may be different on each lane (e.g. to model turning movements) or equal (to limit the number
100 of parameters of the model). In the numerical implementation presented in this article, we con-
110 sider that all lanes have the same queue length and do not model the different phases of traffic
111 signals due to dedicated turns.
112 2.3 Arterial traffic dynamics
113 In arterial networks, traffic is driven by the formation and the dissipation of queues at intersec-
114 tions. The dynamics of queues are characterized by shocks, which are formed at the interface
115 of traffic flows with different densities.
116 We define two discrete traffic regimes: undersaturated and congested, which represent dif-
117 ferent dynamics of the arterial link depending on the presence (respectively the absence) of a
118 remaining queue when the light switches from green to red. Figure 1 illustrates these two regimes
119 under the assumptions made in Section 2.2. The speed of formation and dissolution of the queue
120 are respectively called v, and w. Their expression is derived from the Rankine-Hugoniot [15]
121 jump conditions and given by

va:& and w= L (2)

pmax - pa pmax - pc
122 Undersaturated regime. In this regime, the queue fully dissipates within the green time.
123 This queue is called the triangular queue (from its triangular shape on the space-time diagram
124 of trajectories). It is defined as the spatio-temporal region where vehicles are stopped on the
125 link. Its length is called the maximum queue length, denoted l,.x, which can also be computed
126 from traffic theory: L _ R wog R Vf PePa 3)
W — Vg pmax pc - pa
127 Congested regime. In this regime, there exists a part of the queue downstream of the tri-
128 angular queue called the remaining queue with length [, corresponding to vehicles which must
129 stop multiple times before going through the intersection.
130 All notations introduced up to here are illustrated for both regimes in Figure 1.
131
132 Stationarity of the two regimes. Assumption 2 made earlier implies the periodicity of these
133 queue evolutions. In particular, there is not a consistent increase or decrease in the length of the
)
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134 queue for the duration of the time interval. This assumes that the congested regime is exactly

135 at saturation: the numbers of vehicles entering and exiting the link during a cycle are equal.
136 At saturation, the arrival density is p; = %pc. The triangular queue length at saturation is
137 computed by replacing p, = p3 in equation (3) or by noticing that the number of vehicles that
138 stop in the queue (15, Pmax) is equal to the number of vehicles that exit the link in the duration
139 of a cycle ((C' — R)vspc):

lfnax = Ufpc(c - R)/pmax (4)
140 Note that saturation is an idealized notion that we assume valid for small time intervals. In
141 the following, x is used to denote the distance from a location on a link to the downstream
142 intersection.
143 The undersaturated and congested regimes are labeled u and c respectively. A probabilistic
144 model based on the assumptions formulated in this section provides the probability distribution
145 function pdf of delays 0, », and travel times ¥, ., between two locations x; and x3 on a link of
146 the network. They are denoted h(d4, »,) (Section 3) and ¢(y, »,) (Section 4) respectively. These
147 pdf are parameterized by the traffic parameters: the free flow pace p; with pdf ¢, (parameterized
148 by 6,), the cycle time C, the red time R, the queue length at saturation [2 .. and the queue
149 length [. Note that | = l.x, length of the triangular queue in the undersaturated regime and
150 Il =13 .+, sum of the length of the triangular queue at saturation and the remaining queue in
151 the congested regime. This set of variables is sufficient to characterize the distribution of travel
152 times resulting from the modeling assumptions.
153 3 Modeling the probability distribution of stopping time
154 The delay experienced by vehicles traveling on arterial networks is conditioned on two factors.
155 First, the traffic conditions dictate the state of traffic experienced by all vehicles entering the
156 link. Second, the time (in relation to the beginning of the signal’s cycle) at which each vehicle
157 enters a link determines how much delay will be experienced in the queue due to the presence of
158 the traffic signal. Under similar traffic conditions, drivers experience different delays depending
159 on their arrival time. Using the assumption that the arrival density (and thus the arrival rate) is
160 constant, arrival times are uniformly distributed on the duration of the light cycle. This allows
161 us to derive the analytical expression, h*(dy, ,5,), s € {u,c} of the pdf of stopping time dz, 4,
162 between locations x; and xs.
163 In this work, we assume that we receive travel time measurements from vehicles traveling
164 on the network. The vehicles are sampled uniformly in time, as is commonly done with fleets,
165 and they send tuples of the form (z1,¢1, z2,t2) where z; is the location of the vehicle at ¢,
166 is the position of the vehicle at t5 and t5 — t1 represents the sampling interval (usually constant
167 from one measurement to another). This is representative of fleets which typically send data
168 every minute in urban networks. We consider the tuples sent by the vehicles as independent.
169 For example, we assume that the sampling strategy is such that we cannot reconstruct the
170 trajectories of vehicles from the tuples (e.g. at each sampling time, the vehicles send tuples
171 with a defined probability).
172 3.1 Pdf of stopping time in the undersaturated regime
173 In the undersaturated regime, we call 7y .. the fraction of the vehicles entering the link during
174 a cycle that experience a delay between z; and x3. The remaining vehicles entering the link in
175 a cycle travel from 1 to z2 without experiencing any delay. The proportion 7, . is computed
176 as the ratio of vehicles joining the queue between x; and x5 over the total number of vehicles en-
177 tering the link in one cycle (Figure 2). The number of vehicles joining the queue between z; and
178 Zo is the number of vehicles stopped between 7 and xa: (min(lmax, 21) — min(lnax, acg)) Prmax-
179 The number of vehicles entering the link is vyCp,. The proportion of vehicles delayed between

6
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Figure 1: Space time diagram of vehicle trajectories with uniform arrivals in an undersaturated traffic regime (top)
and a congested traffic regime (bottom).
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Figure 2: The proportion of delayed vehicles 73, ., is the ratio between the number of vehicles joining the queue

between x;, and x2 over the total number of vehicles entering the link in one cycle. The trajectories highlighted in
purple represent the trajectories of vehicles delayed between x1 and x2.

180 w1 and xg is thus 7y, ., = (min(z1, lnax) — min(ze, Imax)) vi“éf‘; . Multiplying the nominator and
181 denominator by lyax, using equation (3) to eliminate p, and equation (4), we have the expression
182 of ny, +, in terms of the model parameters R, C and [y,,, and the state variable | = l;ax:
~ min(z1, lmax) — Min(ze, lnax) [ R + (1 R\ lmax
T]azl,atg - s C C lfnax .

183 The first factor scales the proportion of stopping vehicles as a function of the measurement
184 locations. The second factor represents the proportion of stopping vehicles if x; is upstream of
185 the queue and x5 is at the intersection. As the queue length [, tends to zero, the fraction
186 of stopping vehicles tends to R/C. When the queue length increases, the fraction of stopping
187 vehicles increases linearly until it reaches one at saturation (Ipmax = lfnax)

The stopping time experienced when stopping at x is denoted by 6*(x) for the undersaturated
regime. Because the arrival of vehicles is homogenous, the delay §*(z) increases linearly with
x. At the intersection (x = 0), the delay is maximal and equals the duration of the red light
R. At the end of the queue (z = l;1ax) and upstream of the queue (x > lyax), the delay is null.
Thus the expression of §%(z) is as follows:

o) = e (1~ M),

lmax
188 Given that the arrival of vehicles is uniform in time, the distribution of the location where
189 the vehicles reach the queue between x; and x5 is uniform in space. For vehicles reaching the
190 queue between x; and xo, the probability to experience a delay between locations z; and x5 is
101 uniform. The uniform distribution has support [6%(x1), §*(z2)], corresponding to the minimum
192 and maximum delay between x1 and xs.
8
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The stopping time of vehicles between 1 and x5 is a random variable with a mixture distri-
bution with two components. The first component represents the vehicles that do not experience
any stopping time between 1 and x5 (mass distribution in 0), the second component represents
the vehicles reaching the queue between z; and z3 (uniform distribution on [§%(z1), % (x2)]).
We note 14 the indicator function of set A,

lifze A
La(@) = { Oifz ¢ A
103 The Dirac distribution centered in a, used to represent a mass probability is denoted Dirgqy (-).

The pdf of total delay between z; and x5 (Figure 3, left) reads:

“ . Nay z
ht((smhm) =(1- nzl,zg)Dlr{O}(éil,Iz) Wlw(mm“(mﬂ(511@2)

The cumulative distribution function of total delay H'(-) reads:

0 if 6%952 <0
1T i O,y € [0,8%(x
Ht(aml,Iz) = ( , ) 0,2y —0"(21) : [ u ( 1)]u
(1 77901,902) +77$E17$2 0u(xe)—0%(x1) if 6 [5 (1‘1),(5 (.1‘2)]
1 if 5“ o o (22)
104 3.2 Pdf of stopping time in the congested regime

For the congested regime, as for the undersaturated regime, the pdf of stopping time is computed
by deriving the delay experienced between x1 and x5 for each arrival time in a cycle. The distance
traveled by vehicles in the queue in the duration of a light cycle is [ ... We call n, the maximum
number of stops experienced by the vehicles in the remaining queue between the locations

and xa:
B [min(ml,l r) — min(xg,lr)-‘
ng = .
lfn'lx

195 In this article, we do not model specifically queue spill-over to upstream links. However, this
196 vital component is indirectly taken into account by the flexibility of a statistical model. Indeed, a
197 queue spill-over has the effect to reduce the flow that can exit the upstream links and change the
198 behavior on these links accordingly. The statistical model will automatically learn from the data
199 the new parameters of the dynamics. The delay experienced at location = when reaching the
200 triangular queue at x is readily derived from the expression of the delay in the undersaturated
201 regime, noticing that the delay for x o, the remaining queue is R:

R if x <1,

5¢(x) = { RIFhma=® f o (i1, +15,.]

) e >+,
202 The details of the derivation are given in [22] (Section 4.3 and Appendix A). We summarize
203 the derivations, classified depending on the location of the positions z; and x5 with respect to the
204 remaining (I,.) and saturation (I£..) queue lengths. The analytical results are also summarized
205 in Table 1.

1. x1 Upstream — x2 Remaining (x1 >l + 13 .., 2 < 1): We define the critical location . by
Te = T2 +ngl5 ... Vehicles reaching the triangular queue upstream (resp. downstream) of z,
stop ns (resp. ns—1) times in the remaining queue on the road segment [z, x2]. The vehicles
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experience a delay uniformly distributed on [dmin, Omax] With dmin = (ns — 1)R + §°(z.) and
Omax = NsR + 0°(2¢) = dmin + R. The pdf of stopping time reads:

1 Omin = 0°(x.) + (ns — 1)R,

ht ((511@2) = 1[6mm,6max] (6351,12)’ 5max _ 56(1'0) +n.R

5max - (smin

2. x1 Triangular — xo Triangular (x1,z9 > 1.): Given that the path is upstream of the remaining
queue, this case is similar to the undersaturated regime, where derivations are updated to
account for the fact that the triangular queue starts at z = [,.. We adapt the notation from
Section 3.1 and denote by 73, . the fraction of the vehicles entering the link in a cycle that
experience delay between locations 1 and zs.

e min(xy — 1,105, ) — min(zs — 1,1
Nzyzo = s
max

max)
max

This delay is uniformly distributed on [6¢(z1),%(x2)]. The remainder do not stop between
21 and xo. The pdf of stopping time reads:

, . Mo,z
W Oaran) = (1= ey 2)DIr(0) Cosn) + G2y Lo onent Brvon)

3. 21 Remaining — xo Remaining (x1,xz2 < I.): We define the critical location z. by z. =
x2 + (ns — 1)I2 .. The vehicles reaching the queue between x; and x. stop ns times in the
remaining queue between z; and x5, their stopping time is nsR. The reminder of the vehicles
stop ns — 1 times in the remaining queue and their stopping time is (ns — 1)R. The pdf of
stopping time reads:

W (6 ) = %Dir{nsm((smhu) + (1 - xlls x°> Dirg(n. 1)8} (§a102)-
max max

206 4. x1 Triangular — xo Remaining (x1 € [, 1. +15..], ©2 < l.): We define the critical location
207 Te by T = 22 + sl -

208 o If 1 > x, a fraction (x1 — x.)/I%,,, of the vehicles entering the link in a cycle join the
209 triangular queue between x; and x.. They stop once in the triangular queue and n, times
210 in the remaining queue. Among these vehicles, the stopping time is uniformly distributed
211 on [6%(x1)+nsR, §°(x.)+nsR]. A fraction (z.—1,.)/1 . of the vehicles entering the link in
212 a cycle join the triangular queue between z. and I3 ... Among these vehicles, the stopping
213 time is uniformly distributed on [§¢(z.) + (ns — 1) R, nsR]. The remainder of the vehicles
214 reach the remaining queue between [, and z; — [, and their stopping time is ngR. The
215 pdf of stopping time reads:

W (82, ,20) = 71 = e Ygea)tn. R 6c (oo neR) O o) stop between z; and z.

lfnax (Sc(.’L'C) - 5c($1)

Te —lp 1ise(zo)t(na—1)R, n.R) (Oz1,25)

stop between x. and [,

lfnax R - 5c($0)
—1.
+ (1 — x;s 7) Dirg,,, gy (0,2, )- stop between [, and x1 — [,
max

216 o If v1 < x, a fraction (x1 —I,.)/15 ., of the vehicles entering the link in a cycle join the
217 triangular queue between x1 and [,.. They stop once in the triangular queue and n;—1 times
218 in the remaining queue. Among these vehicles, the stopping time is uniformly distributed
219 on [6°(x1) + (ns — 1)R, nsR]. A fraction 1 — (z. —1,) /1%, of the vehicles entering the link

10
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220 in a cycle join the remaining queue between [/, and z. — I$,... The stopping time of these
21 vehicles is nsR. The remainder of the vehicles experiences a stopping time of (ns — 1)R.

222 The pdf of stopping time reads:

~ 21— b Yse(e) +(n.—1)R, n.R) (021 ,25)

W (8y, 5.) = stop between z; and [,
( £17£2) lrsnax R—(sc({l?l) T
—1
+ (1 - $;s T) Dirg,,, gy (62, ,2,) stop between I, and . — I},
max
Te — T1 . . s s
+ s Dirg(n, —1)r} (02, 25)- stop between x. — ;.. and x1 — I; ..
max
23 4 Probability distributions of travel times and estimation
24 from sparsely sampled probe vehicles
225 4.1 Travel time distributions
226 Along the path between x; and x», the travel time y,, ,, is a random variable, written as the
227 sum of two independent random variables: the delay d,, ., experienced between x; and x2 and
228 the free flow travel time of the vehicles y¢. 4, 4,. The free flow travel time is proportional to
229 the distance of the path and the free flow pace py such that ys. 5, », = pg(z1 — 22). We have
230 Yar,05 = Ozy,20 + Yfs 01,20
231 We model the differences in traffic behavior by considering the free flow pace p; as a random
232 variable with distribution ¢” and domain of definition D, ». For convenience, we define the
233 extension of ¢ as being zero on R\D,r (the complement of the domain of definition), which do
234 not change the distribution of the random variable py. With a slight abuse of notation, we still
235 call this extension .
236 Using a linear change of variables, we derive the probability distribution ¢¥ . of free flow
237 travel time yy¢. z, 2, between x; and z»:
Df ~ G r) = QY (g y) = 7 LE022 !
T1,T2 5T1,T2 1 — To 1 — To
238 To derive the pdf of travel times we use the following fact:
239 Fact 1 (Sum of independent random variables). If X and Y are two independent random
240 variables with respective pdf fx and fy, then the pdf fz of the random variable Z = X +Y is
241 given by the convolution product of fx and fy, denoted fz(z) = (fx * fy) (2) and defined as
242 fz(2) = [ fx () fy(z —t)dt.
R
243 This classical result in probability is derived by computing the conditional pdf of Z given X
244 and then integrating over the values of X according to the total probability law.

For each regime s € {u, c}, the probability distribution of travel times reads:

gs(y$1712) = (hs * @gl,mz) (yrl,mz)'

245 We derive the general expression of the travel time distributions when vehicles experience a
246 delay with mass probability in A and when vehicles experience a delay with uniform distribution
247 on [Omin, Omax)- These expressions enable the computation of the pdf of travel times using the
248 linearity of the convolution operator.
249 Travel time distribution when the delay has a mass probability in A:

11
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and x1 — I3 ax
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Case 1
>y rsnxv . ns—1R+5CIC7
SR Al ! Unif. 553 + al(xc)} -
Te = T2 + Nslpax
Case 2 No stop between z1 and x5 K(Pl(iz%’;z;))x Mass | {0}
nzl Reach the (triangular) | o0 %2)X L unie | [59(as), 6°(21)]
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P (821, 8y) X
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Lo = 527 + sl Reach the (triangular) xc( “, ) Unif. [(ns = 1)R +6%(zc),
max; nsR)
z. < a1 queue between z. and I, I31ax
P(Sz1,8y) X
Reach the (remaining) lr — o1 + Lpax Mass | {nsR}
queue between [, and 15 0x
T — lrsnax
P Sz ,gx X c
Case 4b Reach the (triangular) ml( fllT ) Unif. [(n}%_ DR+ 0%(2),
1 € [y b + Loyl queue between x1 and I, 13,0 ns £
T2 < lr’ P(grlvgzz)x
Te = T2 + Nsliax, Reach the (remaining) lr — Te + 1oy Mass | {nsR}
Te > 1 queue between [, and 150
Te — lfnax
P(gll ? ng)X
Reach the (remaining) Te — X1 Mass | {(ns —1)R}
queue between x. — I .« 15, 0x

Table 1: The pdf of measured delay is a mixture distribution. The different components and their associated weight

depend on the location of stops of the vehicles with respect to the queue length and sampling locations.
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250 The stopping time is A. This corresponds to trajectories with ng stops (ns > 0) in the

251 remaining queue. This includes the non stopping vehicle in the undersaturated regime, when
252 the remaining queue has length zero. The travel time distribution is derived as
g(yﬂcl,mz) = (Dlr{A} * @gl,mg) (y$1,12)
= @gl,zg (yﬂﬂl,fl’z - A) (5)
253 Travel time distribution when the delay is uniformly distributed on [dmin, Omax]:
254 Vehicles experience a uniform delay between a minimum and maximum delay respectively
255 denoted dmin and dmax. The probability of observing a travel time y,, ,, is given by
1 Foo
Iy 20) = ﬁ/ 15 min,Sman] Y102 — 2) Phy 2, (2) d2. (6)
max min — 00
256 The integrand is not null if and only if ¥z, 4o — 2 € [Omin,Omax], i-€. if and only if z €
257 [Ya1 22 — Omaxs Yy 22 — Omin]. Since @Y . (2) is equal to zero for z € R\ Dy, the integrand is
258 not null if and only if 2 € [Yz, 25 — Omax, Yz1,25 — Omin] [ Dep-
259
260 As an illustration, we derive the probability distribution of travel times on a partial link in the
261 undersaturated regime, for a pace distribution with support on R*. In this article, we denote
262 by support the set of points where the function is not zero. We write the delay distribution
263 as a mixture of mass probabilities and uniform distributions with two components. The first
264 component, with weight 1 — 3 . . represents the delay distribution of the vehicles which do
265 not stop between x; and xo. It is a mass distribution in 0. The second component, with weight
266 Nz, .z,> Tepresents the delay distribution of the vehicles who do stop between z; and xs. It is
267 a uniform distribution with support [§"(z1),0%(z2)]. The probability distribution of delay is
268 illustrated Figure 3 (left) with different line styles for the two components. We use the linearity
269 of the convolution to convolve each component of the mixture with the probability distribution
270 of free flow travel times ¥ . . The pdf of travel times are computed according to (5) and (6) for
271 the non-stopping and the stopping vehicles respectively and are illustrated Figure 3 (center). We
272 sum the pdf of travel times of the non-stopping and the stopping vehicles with their respective
273 weights (1 —n}, ., and 73 . ) to obtain the pdf of travel times between locations z; and w3
274 for all the vehicles entering the link in a cycle (Figure 3, right). The probability distribution of
275 travel times reads:
0 if Yxy 9 S Oa
(1 - n;’tl,xQ)@gl,xz (ym,fm) if Yzi,00 € [0’ 5u(x1)}’

(1 - ngl,mz)(pgl,zz (ym1’$2)
u yrL,0—6"“(x1) if i U
Naq,a 1 ym » T € [6 (x1)75 (1.2)]3
+5“(m2)175?‘(11) ‘({‘ Sogl,ibg (Z) dz b

9" (Yar ,xg) =
(1 - 77;1@2)()021@2 (yZ17$2)
u yr,0—38"(x1) : u
. : if Yz, 2, = 0% (22).
trmrrey | 0 Phe(2)dz e (w2)
yr,0—0%(x2)
276 The derivations are similar in the congested regime: we convolve each component of the
277 stopping time distribution with the pdf of free flow travel times ¢4 . . We recall that for the
278 different cases described in Section 3.2, the delay is a mixture of mass probabilities and uniform
279 distributions and thus either equation (5) or (6) is used on each component.
13
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Figure 3: Probability distributions of travel times between arbitrary locations in the undersaturated regime. The
figure represents the pdf of travel times between x1 and z2 where both x; and z2 are in the triangular queue, with
0" (z1) = 10s and 6*(x2) = 30s and 7, ., = 0.7. The free flow travel time between 1 and z2 is a random variable
with Gamma distribution. The mean free flow travel time is 10 seconds and the standard deviation is 3s.

280 For example, the probability distribution of link travel times (Case 1, 1 = L length of the
281 link, x5 = 0) is computed via equation (6) and reads
0 s if YyrL,0 < 6min7
gc(yL,O) = §de15mm JEoT omin %O(Z)dz if Yyr,o € [6min76max];
Omin .
max mxn fnyLOO 5]TI'LX ZLJ’ O(Z) dZ lf yL’O Z 61!13,)('
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With Gin = 0°(Nsl5uae) + (s = DR, Gmax = 8°(nliya) + 15 R and ny = [ |.

max

4.2 Learning traffic conditions from sparsely sampled probe vehicles

From traffic flow theory, we derived a probability distribution of travel times between arbitrary
locations on an arterial link. These distributions are parameterized by the network parameters
(average red time R, average cycle time C, driving behavior 6, and saturation queue length
12 ) and the level of congestion represented by the queue length I;,,x. As probe vehicles report
their location periodically in time, the duration between two successive location reports x; and
o represents a measurement of the travel time of the vehicle on its path from x; to x5. We
use these travel time observations from probe vehicles to learn the parameters of the travel time
distributions.

Common sampling rates for probe vehicles are around one minute and probe vehicles typically
traverse several links between successive location reports. It is possible to optimally decompose
the path travel time to estimate the travel time spent on each link of the path [20]. In this article,
we assume that this decomposition has already been achieved and we focus on the estimation
of the pdf of travel times. Since probe vehicles may report their location at any point z; and
To, they provide partial link travel time measurements that allow for the estimation of the
independent parameters of each link: the red time R, the queue length l,.y, the fraction of
stopping vehicles on the link among the vehicles entering the link in one cycle 7y , and the
driving behavior 6,. The estimation of the parameters of link ¢ is done by maximizing the
likelihood (or more conveniently the log-likelihood) of the (partial) link travel times of this link
with respect to these parameters. Note that the parameters of the travel time distribution (R?,
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303 Nt os I* and 9;) do not depend on the locations x; and x5 of measurement j. In particular, we

304 learn the travel time distributions using travel time measurements which span different portions
305 of the link, 4.e. the locations z; and x5 depend on the index of the measurement (j), even
306 though we do not explicit this dependency for notational simplicity. Let (y, ,,);j—1.s: represent
307 the set of (partial link) travel times allocated to link ¢. The estimation problem is given by:
Ji
minimize »  —In(g"(yz, z,)) (7)

ML 00 P j=1

st.n} o €10,1], I €0, L.

308 Additional constraints and bounds may be added to limit the feasible set to physically
309 acceptable values of the parameters and improve the estimation when little data is available.
310 The optimization problem (7) is not convex but it is a small scale optimization problem (feasible
311 set of dimension five). Numerous optimization techniques can be used to solve this problem
312 including global optimization algorithms [23, 37]. Moreover, since the parameters represent
313 physical parameters, they can be bounded to limit the feasible set to a compact set (of dimension
314 five). It is thus possible to do a grid search. The grid search algorithm defines a grid on the
315 bounded feasible set and evaluates the objective function for each set of parameters defined by
316 the grid. We keep the B best set of parameters, associated with the lowest values of the objective
317 function and perform a first or a second order optimization algorithm [10] from this best set of
318 parameters. In the implementation of the algorithm used to produce the results of Section 5,
319 we set B = 4 and used the active-set algorithm in the Matlab [1] optimization toolbox, which
320 is a second order optimization algorithm based on Sequential Quadratic Programming [9)].
21 5 Numerical experiments and results
322 The model presented in this article relies on assumptions on the dynamics of traffic flows on
323 each link of the network to derive probability distributions of travel times. The goal of this
324 section is to show numerically that these travel time distributions, derived from the physics of
325 traffic flows, represent the empirical distribution of travel times more accurately than classical
326 distributions such as normal, log-normal or Gamma distributions.
327 We consider four classes of distributions: the traffic distribution derived in this article, the
328 normal distribution, the log-normal distribution and the Gamma distribution. For each class
329 of distributions, we test the hypothesis that link travel times are distributed according to this
330 distribution (the complementary hypothesis is that the travel times are not distributed according
331 to this distribution). We use data collected during a field experiment from the 29th of June
332 to the 1st of July 2010 as part of the Mobile Millennium project [2, 7]. Twenty drivers, each
333 carrying a GPS device, drove for 3 hours (3:15pm to 6:15pm) around two distinct loops in San
334 Francisco. The first loop was 1.89 miles long and the second one 2.31 miles long. The GPS
335 devices recorded the location of the vehicles every second and provided detailed information on
336 the trajectories of the drivers. From this detailed data, we extract link travel times.
337 For each link of the network, we compute the maximum likelihood estimates of the dis-
338 tribution parameters for each class of distributions. This learning of distribution parameters
339 is performed using a fraction of the link travel times collected by the drivers. We vary the
340 percentage of available data used for the training of the distributions to study the influence of
341 the amount of data required to learn the parameters accurately. For each class of distribution,
342 we test the hypothesis Hy: the link travel times are distributed according to the distribution on
343 the validation link travel times using the Kolmogorov-Smirnov test [28], also referred to as K-S
344 test. The K-S test is a standard non-parametric test to state whether samples are distributed
15
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Figure 4: Experimental set-up of the field experiment representing the two distinct loops in downtown San Francisco,

CA.
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according to an hypothetical distribution (in opposition to other tests like the T-test that tests
uniquely the mean, or the chi-squared test that assumes that the data is normally distributed).
The test is based on the K-S statistics which is computed as the maximum difference between
the empirical and the hypothetical cumulative distributions. The test provides a p-value which
informs us on the goodness of the fit. Low p-values indicate that the data does not follow the
hypothetical distribution. For each hypothetical distribution, Figure 5 (left) shows the average
p-value of the links of the network as the percentage of training data increases. The hypothesis
Hy is rejected for p-values inferior to the significance level . The significance level « corre-
sponds to the percentage of Type-I error allowed by the test (rejecting the null hypothesis when
it is actually true). Figure 5 (right) shows the evolution of the percentage of links that passes the
K-S test at significance level & = 0.1. Both figures show that the traffic distribution represents
a better fit of the travel time distributions than any of the other distributions tested in this
article. We notice that the relative superiority of the traffic model is more significant when little
data is available. This may be a sign of the robustness of the model when little data is available
(because of the intrinsic structure of the distributions representing the physical model). This
is precisely the goal of the algorithm (and model), which was specifically created to handle low
volumes of probe data. We also notice that the log-normal model performs well compared to
the normal or the Gamma distribution.

We analyze the differences of the traffic and the log-normal by studying the empirical dis-
tribution of travel times. Figure 6 (left) shows the hypothetical and empirical distribution of
travel times. The traffic distribution captures the specific characteristics of traffic dynamics.
We can see a peak in the distribution representing the vehicles that do not stop on the link
and travel at their free flow speed. For higher travel times, the distribution is approximately
uniform, representing the vehicles that are delayed on the link, between a minimum delay (0)
and a maximum delay (the duration of the red time). As for the log-normal distribution, it
cannot capture these specifics of the travel time distribution and the parameters are harder to
interpret.

Due to light synchronization, some links have arrivals with platoons, and thus do not follow
the hypothesis of constant arrivals. On these links, delays are not uniformly distributed among
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Figure 5: Goodness of fit of the model depending on the percentage of training data used to learn the parameters.
(Left) Average p-value of the links of the network for the different hypothetical distributions (traffic, normal, log-
normal and Gamma). (Right) Percentage of links that pass the KS test with a significance level o = 0.1.
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Figure 6: Comparison of the traffic and the log-normal distributions with the empirical distribution of travel times
on two links of the network. The figure represents both the pdf and the cdf of the traffic (solid blue line) and log-
normal (dashed red line) distributions. The histograms on the top figures represent interval counts of the probe travel
times, normalized so that the area of the histogram sums to one. The cumulated histograms (bottom figures) are the
cumulated distributions of the histograms. The black line with circles represents the empirical cumulative distribution
(Kaplan-Meier estimate [24]) of the travel times collected by the probes. (Left, link 1) Both distributions capture
the long tail of the distribution but only the traffic distribution is able to represent the peak in the pdf due to the
non stopping vehicles and to estimate accurately the maximum delay. (Right, link 2) On this link, we notice very
few travel times between 35 and 50 seconds, likely due to important synchronization with the upstream link. None
of the traffic or log-normal distribution is able to capture this. However, the traffic distribution models accurately
the peak due to the non stopping vehicles and estimate the maximum delay.
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374 the stopping vehicles and the derivations of the queuing model have to be adapted [4]. Basically,

375 the delay function 6" (x) (r € {u, c}, see Section 3) is piecewise linear and the derivations of the
376 statistical distributions must be updated accordingly, adding parameters to the model. Figure 6
377 (right) represents the empirical and hypothetical distribution of travel times for a link with
378 platoon arrivals. We can see that there are very few vehicles with a travel time between 30 and
379 50 seconds, representing a time interval during which there is very few arrivals on the links,
380 likely when the upstream signal is red. We notice that the log-normal distribution does not
381 capture this characteristics of the distribution either. Moreover, the traffic model provides an
382 estimation of the red time, the free flow speed and the fraction of stopping vehicles (representing
383 congestion) which is important information for traffic management and operations.
354 6 Conclusion
385 In this article, we derived a parametric probability distribution of travel times between arbitrary
386 locations on an arterial link. This probability distribution is derived from hydrodynamic theory
387 and represents the dynamics of traffic flow on arterial links. In particular, it captures the delay of
388 vehicles due to the presence of a queue that forms and dissipates periodically because of the traffic
389 signal. These distributions are parameterized by physical parameters: the red time, the cycle
390 time, the parameters of the free flow pace, the queue length and the saturation queue length.
301 Depending on the data available, these parameters may not be estimated independently, but we
302 can always retrieve the duration of the red time, the level of congestion and the parameters of
303 the free flow pace . The queue length can also be estimated from probe vehicles reporting their
304 location at any location on the link.
395 The goodness of fit of the distributions was tested on probe data collected during a field
396 test in San Francisco. The numerical results show the superiority of the traffic distribution
307 to represent the distribution of travel times compared to “classic” distributions (normal, nog-
398 normal and Gamma distributions), commonly used to represent the distribution of travel times.
399 The traffic distribution performs particularly well (in comparison with the other distributions)
400 when little data is available.
401 The numerical analysis shows that the uniform arrivals is the most restrictive assumption on
402 which this work is based, as it does not take into account signal synchronization. We are cur-
403 rently working on a generalization of the proposed approach in which vehicles arrive in platoons
404 of homogeneous density. Note that this generalization does not invalidate the methodology pre-
405 sented in this article. In particular, the probability distribution of stopping times will remain a
406 mixture of discrete mass probabilities and uniform distributions.
407 The probability distribution of travel times are finite mixture distributions [20]. Each com-
408 ponent of the mixture corresponds to a type of delay: stopping or not stopping for the under-
409 saturated regime or depending on the location of the vehicle (Table 1) in the congested regime.
410 The estimation of transition probabilities representing the probability of a type of delay on a
411 link given the type of delay on the upstream link would allow to compute route travel time
412 distributions with a Markov chain approach.
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