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Abstract— We consider the problems of trajectory gener-
ation and tracking for general 2 x 2 systems of first-order
linear hyperbolic PDEs with anti-collocated boundary input
and output. We solve the trajectory generation problem via
backstepping. The reference input, which generates the desired
output, incorporates integral operators acting on advanced
and delayed versions of the reference output with kernels
which were derived by Vazquez, Krstic, and Coron for the
backstepping stabilization of 2 x 2 linear hyperbolic systems. For
tracking the desired trajectory we employ a PI control law on
the tracking error of the output. We prove exponential stability
of the closed-loop system, under the proposed PI control law,
when the parameters of the plant and the controller satisfy
certain conditions, by constructing a novel ‘non-diagonal”
Lyapunov functional.

I. INTRODUCTION

Control of 2 x 2 systems of first-order hyperbolic PDEs
is an active area of research since numerous processes can
be modeled with this class of PDE systems. Among various
applications, 2x2 systems model the dynamics of traffic [15],
[17], hydraulic [2], [8], [12], [13], as well as gas pipeline
networks [18], and the dynamics of transmission lines [7].

Several articles are dedicated to the control and analysis of
2 x 2 linear [2], [9], [12], [22] [29], [30], [31] and nonlinear
[4], [5], [6], [19], [25], [26] systems. Results for the control
of n x n systems also exist [10], [11], [21]. Algorithms for
disturbance rejection in 2 X 2 systems are recently developed
[1], [28]. The motion planning problem is solved in [14],
[23], for a class of 2 x 2 systems and in [16], [24] for
a class of wave PDEs. Perhaps the most relevant results
to the present article are the results in [12], dealing with
the Lyapunov-based output-feedback control of 2 x 2 linear
systems, the results in [30], dealing with the backstepping
stabilization of 2 x 2 linear systems, and the results in [23],
dealing with the motion planning for a class of 2 x 2 systems.

In this paper, we are concerned with the trajectory gen-
eration and tracking problems for general 2 X 2 systems
of first-order linear hyperbolic PDEs with anti-collocated
boundary input and output. We solve the motion planning
problem for this class of systems employing backstepping
(Section II). Specifically, we start from a simple transformed
system, namely, a cascade of two first-order hyperbolic
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PDEs coupled only at the boundary, for which the motion
planning problem can be trivially solved. We then apply an
inverse backstepping transformation to derive the reference
trajectory and reference input for the original system. The
reference output is assumed to be continuously differentiable
and uniformly bounded. Our approach is different than the
one in [30], in that we use backstepping for trajectory
generation rather than stabilization, and the one in [23], in
that we employ a different conceptual idea to a different class
of systems. Although the idea of the backstepping-based
trajectory generation for PDEs was conceived in [20], and
applied to a beam PDE [27] and the Navier-Stokes equations
[3], this approach has neither been systematized nor been
applied to the class of systems considered in the present
article.

We then employ a PI control law for the stabilization of
the error system, namely, the system whose state is defined
as the difference between the state of the plant and the
reference trajectory. We prove exponential stability in the Lo
norm of the closed-loop system by constructing a Lyapunov
functional which incorporates cross-terms between the PDE
states of the system and the ODE state of the controller,
when the parameters of the system and the controller satisfy
certain conditions (Section III). Our result differs than the
result in [12] in that we employ PI control on an output of
the system in the Riemann coordinates and we construct a
non-diagonal Lyapunov functional for proving closed-loop
stability.

II. TRAJECTORY GENERATION FOR 2 X 2 LINEAR
HYPERBOLIC SYSTEMS USING BACKSTEPPING

We consider the following system

2t 4 e1(x)2) c1(x)2! + co(x)2? (1)
22— ()2l = c3()2t +ea(w)2?, (2)

under the boundary conditions

2H0,t) = q2*(0,t) 3)
2Z(Lt) = S(t) 4)
2(0,t) = y(t), (5)

where ¢ € [0,400) is the time variable, x € [0,1] is the
spatial variable, y is the output of the system, ¢ # 0 is a
constant parameter, and V is the control input. The functions
€1, €2 belong to C? ([0, 1]) and satisfy &1 (), ea(x) > 0, for
all z € [0,1], and the functions ¢;, i = 1,2,3,4 belong
to C1([0,1]). Defining the change of variables (see, for



example, [2])

_ [T als)
x1(z) = exp /o 5 5) ds) (6)
_ * ca(s)
x2(z) = exp /0 20) ds) @)
xi(x)
= 8
x(z) @)’ (8)
and the new coordinates
u = xi(z)z 9)
= Xg(x)z2 , (10)

system (1)—(5) is transformed into the following system

us +er(@)u, = m(x)v (11)
vy — e (), = ya(x)u, (12)
with
nr) = x(@)ez(x) (13)
Yo () X H(x)es(x) . (14)
The boundary conditions become
u(0,t) = qu(0,t) 15)
v(1,t) = U(t) (16)
v(0,t) = y(t), a7
where the original control variable satisfies
U=x21)V. (18)

Theorem 1: Let y" € C*(R) be uniformly bounded. The
functions

u'(z,t) = qyr(t @y (7))
+q OLW Y (t— @1(8))dE
+ xL“ﬂ Y (t+ ®2(8))dE (19)
0
v(x,t) =y (t+ Po ))
+q0wa5 (t — ®1(€))de
+/wﬁﬁx£ (t+ @2(¢))dE  (20)
Urt) = y"(t+®2(1))
g / LPo(1, )y (t — @1(€))de
i
—kj[ LPB(L, &)y (t + ®a(€))de, (21)
0
where
1
B = [ g 22)
R |
By(z) = Agﬂaﬁ, 23)

and Lo, [28 [P [BB are the solutions of the following
equations

() LAY — e (HLL = (LY — ()L (24)
e2(2) L + (LY = —eh(§)LPP — ya(2) L (25)
e1(z) L3 + 61(£)L?“ —eL(OL + m(x) L7 (26)

a(@)Ly’ — L = SEOL + @)L, @

with the boundary conditions

fa 1€

P = - oo vam (28)
Bo _ £2(0) BB

LP%(x,0) qu(O)L (z,0) (29)
af3 . qu(O) oo

L (z,0) = &(0) L**(x,0) (30)

Laﬂ(x7 1‘) _ 71 ($> (31)

e1(z) +e2(z)’
are uniformly bounded and solve the boundary value problem
(11), (12), (15), (16). In particular, v"(0,t) = y" ().

Proof: First note that since €1, g2 € C?([0,1]) with
e1(x), e2(z) > 0, for all z € [0,1] and 71, 2 € C1([0,1]),
system (24)—(31) has a unique solution with L, L LA
LPP € CHT) where T = {(z,€) : 0<¢<x <1} [6]
Hence, from (19)—(21) and the uniform boundness of y" it
follows that u", v", and U" are bounded for all ¢ > 0 and

€ [0, 1]. Taking the time and space derivatives of u” we
get

uy +e1(z)ul = g /O " Lo, (1 — B (0))de
* / " L8 ()7 (1 4 Da(€))d

0

+e1(z) /m L3P (a, €)y" (t + 2(€)) dé

0
+aei(e) [ IOy (- 0u(e) de
+e1(x) LY (z,2)y" (t + Po(z))

+ ge1(x) L (z, 2)y" (t — P1(x)) .

Integrating by parts the first two integrals we get

w e = [ (@@L + eI @

e ()L (2, 6)) ' (t — 1(€))dE

( L (x,8)

(32)

—~

+ (sl(x)Laﬁ(x,:r)
+ea (@) L (2, 2)) y' (E+ Pa(w)) . (33)

Due to the fact that L®® and L®* are the solutions of (26)
and (27) with the boundary conditions (30) and (31) one gets,



by using (20), that «" satisfies (11). The proof that v" satisfies
(12) follows analogously. Setting z = 0 in (19), (20) and
using (22), (23), we get that u” and v" satisfy (15). Setting
z = 1 in (20) it follows that (21) satisfies (16). Setting in
(20) 2 = 0 and using (23) we get v"(0,t) = y"(¢). [ |

Remark 1: The approach for the trajectory generation
introduced here is inspired from backstepping. Consider the
following system

ar+e1(v)a, = 0 (34)
Bt — e2(x) Bz 0, (35)
with boundary conditions
a(0,t) = ¢pB(0,1) (36)
B(Lt) = y (t+P2A1)) . (37)
It is shown that the functions
afz,t) = qy (t—Pi(x)) (33)
Bx,t) = y'(t+ P2x)), (39)

where ®; and @5 are defined in (22) and (23) respectively,
satisfy (34)—(37) and, in particular, 5(0,¢) = y"(t). Using
the inverse backstepping transformation introduced in [30]

u"(z,t) = a(t,x)+/0$Laa(9c,§)a(§7t)d§
+ / L (x,€)B(&, t)dE (40)
0
art) = Blta)+ /0 P, )€, 1) de
+ / LPB(x,€)B(¢, t)deE (41)
0

relations (38), (39) and the fact that the functions L<<,

LoB LB and LPP satisfy (24)—(31), one can conclude that

the functions u”, v", and U" = v"(1) solve the trajectory

generation problem for system (11), (12), (15)—(17).
Example 1: We consider the following system

1

zt1+51z; = —;zl 42)
1

22 —e922 = —=2', (43)
T

with boundary conditions
210,1) = ¢z*(0,1) (44)
22(1,1) V(t), (45)

where 7 is a positive parameter. Among various systems
that can be modeled by (42)-(45) (for instance, the Saint-
Venant equations, see [12], [8]), system (42)—(45) can be
viewed as a linearized version of the Aw-Rascle-Zhang
(ARZ) macroscopic model of traffic flow in the Riemann
coordinates

2= w—V'(s%)s (46)
22 = w, (47)

where w and s correspond to the velocity and density of the
vehicles at time ¢ and location z, respectively. The variable

V(s*) is the nominal velocity of the cars and s* is the
nominal density. The opposite transport velocities in (42),
(43) correspond to traffic flow in a congested mode. The
parameter % is an indicator of the convergence rate of the
velocity w of the cars to the nominal velocity V(). For more
details the reader is referred to [15]. The boundary condition

(44) in the original variables is written as

V'(s*)s
1—q °

(48)

Hence, the boundary condition (44) dictates that there is a
static relation, at the entrance of the road, between the density
and the velocity similarly to the static relation between the
nominal velocity V'(s) and the density of the cars in the road.
The change of variables (9), (10), (13), and (14) transform
system (42)—(45) to

U +e1uy, = 0 49)

Vg — EqUy = —% exp (—Tix> u (50)
1

u(0,t) = qu(0,t) (51

o(Lt) = U, (52)

where U (t) is given by (18). Observing that v; = 0, relations
(24)—(31) can be solved explicitly as

L(z,§) = 0 (53)

Lz, &) = 0 (54)
_ 1 [eiztesd

prng - L)

Lﬁﬁ(aj,f) — qelexp(—T—il (615?‘::21’5)) (56)

Teg (61 + €2)

Therefore, for system (42)—(45), the reference input which
generates the desired output y" (¢) is

Py 1 a
Vit =y (t+ 52) " 7(e1+e2)
1
[ () - )
0 TEL \ €1 t €2 €1
e L ()
Tesy (g1 +€2) Jo TEL \ €1+ €2
X y" <t+ f) de . (57)
2

III. TRAJECTORY TRACKING USING PI CONTROL

For stabilizing the system around the desired trajectory
for any initial condition (u(x,0),v(x,0)), rather than only
for (u(zx,0),v(z,0)) = (u"(x,0),v"(x,0)), we employ a
PI-feedback control law. We first write the dynamics of the
tracking errors u(xz,t) = u(x,t) — u"(z,t) and 0(z,t) =
v(x,t) —v"(x,t) as



—aq? — 2ok 1) — — By X (¥ _L
Ml = |: kq k f (k};e v 1) 1 P ﬁkPkI]:? —["L_ 2 (e VIZP i 17) (58)
—Bkpkre! + 3 (e"kp +1) — § —Bkjet +e'kr — 3
—px 2 V3 (x ve Y1 —px Yo(x) pzx 2 Yo (z ve
M2 (I) o [ (Hiﬁ)e ! +ﬁ Eg((z; e? T ET) " 52(1) e m E2((ﬂ"; ( 52?30))62 (59)
- ) —px x x 2 x va c2ve 2 2 oy
AFe—p G s 20 (-5t ) (-5t ) - E gG ey (v at) ¢
i+ ei(@)ie = mil(x)d (60) Ry(t) = gfﬁ(t) . (75)
U — ()0 = e(z)u 1) Let us introduce the constants
a(0,t) = qv(0,1) (62) O (p 6
oL = O, (63) = Auin(P()) 79
where 7 = U —U” and U is the reference input generating = Jmax Amax (P () - (77

the desired reference trajectory. We employ the controller

U(t) = —kpd(0,t) — krii(t), (64)

with )
n(t)

Theorem 2: Consider system (60)—(63) together with the
control law (64), (65). Let the positive constants u, 3, p, 7,
v, k, and 6 be such that the matrices (58), (59), shown at
the top of the next page, are positive semi-definite for all

€ [0, 1], and the inequalities

— 5(0,1). (65)

726(21/7/1)93
2eq(x)
¥y > bp,

vz € [0,1] (66)

(67)

Bp >

hold. Then, there exist positive constants A and x such that

the following holds for all ¢ > 0
Qt) < ke MQ(0), (68)

where
Q)= [ (@(z,t) + 0°(z, 1)) do + 7>(t). (69)

Proof: Inoorder to analyze the stability of system (60)—
(65) we propose the following Lyapunov functional

1 fa(e,0)] " iz, t)
/0 o(x,t)| P(z) |0(z,t)| da

Vi) = t
7(t) 7(t)
= Ri(t) + Ra(t) + Rs(t) + Ry(t), (70)
with o
‘e 0 0
P(.’L‘) = 0 552:(;) QZE(I) ) (71)
0 xe £
2e2(x) 2
and
1 ~2 o—ha
Ri(t) = /0 U (x,t)mdx (72)
1 " ohT
Ro(t) = B ; v (x,t)52(x)dfﬂ (73)
1 ve
Ro(t) = i) [ i) Ssde 0

Inequality (66) ensures that P(x) is positive definite and
symmetric for all 2 € [0,1], and hence, using the fact that
€1, €2 € C%([0,1]) with g (z), e2(x) > 0, for all z € [0,1],
one can conclude that, X\, A > 0. Therefore,

1
-2 ~2 ~9
A(/O (@*(z,t) + 0% (x,t)) dz + 77 (t)) <V(@), 78

and

V() <X (/01 (@(2,0) + (2, 1)) do + ﬁ2(t)) . 9)

Using (72)—(75) we get along the solutions of system (60)—
(65) that

1
Ry(t) = —2/0 U(z, )y (z,t)e Hdx
+2/1a(x,t)@(x,t)“(‘”
0

)
) 1

= (¢°0°(0,t) — e "a*(1,t)) —M/O a?(z,t)e " dx
)

2
=

+2/0 iz, t)o(z, t) 2

. 1
Bolt) = 28 / B, 1) (2, £) e da
0

+26/0 ﬂ(a:,t)ﬁ(x,t)z((ge“mdx

= B (kpe5?(0,t) + 2kpke”5(0, )ij(t)
1
LM (1) — 52(0,8)) — B / a2

7()“%:C
—|—2,3/ (2,t)v =) d

x,t)e’dx

(81)

Rs(t) = ~vii(t) /0 O, t)e’ " dx

1
w(o,t)/ 3, 1)

&
72(90)




< 7ii(t) (¥ (—kpD krij(t)) — 9(0,1))

= 3it) [ ot e+ 0.0

(Oat)‘f

y 1 vz
% /. (x, t)%daz
~ ! ~ Wﬁ(x) v
+ i (t) /0 a(zx,t) () dx (82)
Ry(t) = po(0,1)7(t) , (83)

where we used integration by parts in the first terms of (80)—
(82) and Young’s inequality in the second term of (82). Using
(70), (80)—(83) we get

C[e0,0] " [9(0,0)
Vi) < { i(t) } M [ i(t) ]
1 a(x,t)
f/ [a(z,t) o(z,t) ()] M(z) |o(z,t)| dx
0 (t)
—e M2 (1,t) — OV (1), (84)
where M, is given by (58) and
M(x) = [§§§§ BTC(I)} : (85)
with ) ) As(w) y
0= a2 (86
where
mw) = (u- o)™ )
_ _ryl(x) e HE 72(3:) ehe
As(z) = (@) /352($) (88)
_ _71(15) e hT _ 72(1.) eh
A3 (fE) - €1 (J?) B€2 (l’) (89)
e2uz
a) = 9 (ne i) g o
B(x) = [-32&" 1(-zk)] 1)
c = 7_29p . (92)

Using the Schur complement of C' in M(z) and (67), (92)
one has that M (z) > 0 for all z € [0, 1], if and only if

Ms(z) = A(z) — B (#)C~'B(x) > 0. (93)

Thus, if My > 0 and M(z) > 0, for all z € [0, 1], one has
THE2(1,t) — OV (1),

and hence, V() < e~V (0), for all ¢+ > 0. Combining this
relation with (78), (79) the proof is complete. |

Remark 2: A control law with an integral action is de-
signed in [12] for 2 x 2 hyperbolic systems. Stability of
the closed-loop system is proved using a diagonal Lyapunov
functional. Here the non-diagonal term in the Lyapunov
functional is needed for proving stability using a quadratic

V(t) < —e (94)

Lyapunov functional. Indeed, let us assume that the Lya-
punov functional is diagonal. We can write it as

| @0+ (e 0) da

P2
—n°(t
+57 (1),
where the functions ¢; and gz belong to C*([0,1]) with
q1(z), g2(z) > 0, for all = € [0,1]. The time derivative of
V' along the solutions of system (60), (61) with boundary

conditions (62)—(65) is given by

V() = Fgg;)ﬂr[g; gﬂ Fv(?(éf)}

V() =

(95)

—q1 (Ve (D)a*(1,¢) (96)

where
Dy = q1(0)e1(0)g” — q2(0)e2(0) + g2(Ve2(D)ER — (97)
Dy = 5 (x(Dea(Vkphs +9) ©8)
Dy = 5 (@(V)2(Dkeks + ) (99)
Dy = q2(1)e2(1)k7 (100)
B = [yt " Cloreon ] - aon

Using (96) and (100) one can conclude that when k; ;é 0
the inequality V' < 0 can not be satisfied for any [@ @ n] .

As explained in Remark 2 the non-diagonal term in the
Lyapunov functional is crucial for proving stability using
a quadratic Lyapunov functional. However, this term adds
considerable complexity in verifying analytically that the
matrices (58), (59) are positive definite and that (66) holds.
Next, we numerically verify the conditions of Theorem 2 for
the system from Example 1.

Example 2 (Example 1 Continued): We set in (49)—(51)

(517€2a7-7 Q) = (376a7-a550'2) ) (102)

and choose U in (63) according to (64) with
kp = 0.1 (103)
ky = 1.0583, (104)

in order to stabilize the zero equilibrium of (49)—(51). We
verify numerically that the conditions of Theorem 2 are
satisfied with

(B, K, pw,v,0,p,v) =(0.7,0.2,0.5,0.2,0.7,2,2) . (105)
From (58) we get that
0.4485 0
My = [ 0 0.2926} > 0. (106)

The verification of the positive definiteness of matrix (59) is
more delicate due to its dependence on z. Fig. 1 shows the
evolution of the eigenvalues of M (x) and the determinant
of matrix (71), which remain positive for all = € [0, 1].



Fig. 1. Evolution of the eigenvalues of (59) as a function of x (square
and cross markers), and of the determinant of P(x) in (71) (star marker)
for Example 2.

IV. CONCLUSIONS

We presented solutions to the trajectory generation and
tracking problems for general 2 x 2 systems of first-order
linear hyperbolic PDEs. We solved the motion planning
problem with backstepping and the trajectory tracking prob-
lem with PI control. We proved exponential stability of the
closed-loop system by constructing a Lyapunov functional.
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