Lecture 6%: branch and bound revisited

« Divide an conquer
* Fathoming tests

» Generic branch and bound algorithm
* Another fully worked out example

[Winston, Introduction to mathematical programming, Chap. 9, pp.515-524]
[Bertsimas and Tsitsiklis, Introduction to Linear Optimization, Chap. 11, sec. 11.2, pp. 485-490]

Divide and conquer

1 15 5 3
min: x| — 219
s.t. —4x1 + 629 <9
1+ 19 < 4
1 =0
x9 = ()
r1, T Integer

At every step: divide and
conquer:

Division is done around
the optimum of the LP
relaxation solution,




Branch and bound: fathoming tests
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min: 1y — 2x9
s.t. —4r1 + 69 <9
r1+ 19 <4
x>0
x9 > 0
ry, 9 integer

Branch and bound: fathoming tests
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Branch and bound: fathoming tests
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Branch and bound: fathoming tests
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Branch and bound: fathoming tests
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Question: should one discard
problemP3 right away?

Answer: No, unless one can
show that no better solution is

obtainable from P3

Branch and bound: fathoming tests
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Question: should one discard

problemP3 right away? @
Answer: YES




Fathoming tests

1. Subproblem is infeasible: discard

2. Subproblem has integer solution
— Stop branching

— Keep the value for future comparisons

3. Subproblem has an optimum below the optimum
provided by the other branch - discard problem

Note: it is sometimes not possible to tell right away
if case 3 enables to discard a problem until later

in the algorithm.

Construction of the tree

Both approaches are equally valid. You have the
choice between the two (or any other mixed

approach)

Depth first

Breadth first




Branch and bound algorithm (maximization)

Initialization: relax the initial problem

Steps for each iteration
- Solve the relaxed LP

- Branching: among the unfathomed problems,
branch next subproblem, by dividing around the
fractional solution

- Fathom the problems (if possible)

Optimality test: stop when there is no remaining
subproblems

Example

Consider solving the following IP:
- max z = 8x,; + 5x,
e = P feasible point s.t. xl _E_ xz E 6 |

# = LP relaxation’s feasible region
9.1‘1 +5x, <45 |

X, X5 = 0; x;, x, integer

Ox, + 5x, = 45

X +Xx;=6
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Example (iteration 1)

Consider solving the following IP:

Xz

® = [P feasible point
= = LP relaxation's feasible region

Ox) + 5x;=45

Optimal LP solution to subproblem 1

maxz = Bxl -+ sz

st. x+ x,<6 |

9x, +5x, <45
X;, X, > 0; x,, x, integer

Subproblem 2 Subproblem 1 + Constraint x =4
Subproblem 3 Subproblem 1 + Constraint o =3,

Example (iteration 2)

*2
9 B ABC = feasible region for subproblem 2
¥ DEFG = feasible region for subproblem 3
® = feasible point for original IP
3 C = optimal solution for subproblem 2

Subproblem |
z= 1§
i
=1 18
X =3
xn = ;
x 24 xs13
Subproblem 2
1 =2 Z =l Subproblem 3
X =4
s %




Example (iteration 3)

X2
7
6 |- ABHI = feasible region for subproblem 5
No feasible region for subproblem 4 (x, = 2 does not intersect ABC)
i i C=(4,18)
B = (4.0) Subproblem 4
A=(50) infeasible
7y 8 H=(4,1)
\‘ 40
N I= (j !)
3 N
Nz=20
3 \\\ 5= 2
L “\ H 1 2=l
- Subproblem
\\ 5
1 J S B A x|
1 2 3 4 5 6
Example (iteration 3)
Subproblem |
z = 168
t= 4
X = i
X = E
X, =4 X =3
Subproblem 2
e Subproblem 3
t =2 X =4 ubproblem
X = g
X; a/ X =1
g TUNPIDRIEn A o Subproblem $

Infeasible




Example (iteration 4)

X2
7
6 |- ABHI = feasible region for subproblem 5
No feasible region for subproblem 4 (x, = 2 does not intersect ABC)
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Example (iteration 4)

6l ABHI = feasible region for subproblem 5
A = feasible region for subproblem 6

BH = feasible region for subproblem 7
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Subproblem 6

Xy

Subproblem 6

Subproblem 7




Example (iteration 4)

Subproblem 1

Subprublcmz
7= 41

X =4

Subproblem 3

Xy = Is

Subproblem 4
Infeasible

Subproblem 7

Subproblem 6

Example (iteration 5)

Subproblem 1
=1 o f
="
x =1
X z4 x =3
Subproblem 2
z=4l
=2 e Subproblem 3
= %
X =2 X < 1
Subproblem $
Subproblem 4 7= 3-?
=13 , =4
Infeasible x = 1;
x =1
=5 X <4

Subproblem 7
z=3
x =4

Subproblem 6

x =1

Candidate solution
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Example (iteration 6)

Subproblem |
(=1 o
X = li‘
= 5
xnz4 x =3
Subproblem 2
i z=4d1 Subproblem 3
& x =4
Ay 3
xn=2 X s 1
Subproblem §
Subproblem 4 z= l‘}
1=3] fofeasible |X =4 x=%
by
xnz3 Xy s 4
Subproblem & Subproblem 7
1=40 1=17
=3 x, =4
f=6 2 t=5 ! X
n=0 xn=1
=1
LH Candidate solution
Candidate solution

Example (iteration 7)

B ABC = feasible region for subproblem 2

% DEFG = feasible region for subproblem 3
® = feasible point for original IP

8- C = optimal solution for subproblem 2




Example (iteration 7)

Subproblem |
=1 A :‘u
X =3
X g
n=4 X =3
Subprablem 2 Subproblem 3
z=139
z=4]
=2 3 =1 X =3 %
x =4
=3
5 =1 LB = 40
Xy =2 x; = 1
Subproblem §
Subproblem 4 ey gem 42
Infeasible 3 n=9%
X =1
x =5 x =4
Subproblem & Subproblem 7
z =40 z = 37
(=6 X 1=5 rimid %
X =0 x =1
Candidate solution Candidate solution
Subproblem |
=1 A :‘u
X =3
- g
n=4 X =3
Subprablem 2 Subproblem 3
z=139
z=4]
=2 3 =1 X =3 %
x =4
=3
5 =1 LB = 40
Xy =2 x; = 1
Subproblem §
Subproblem 4 ey gem 42
Infeasible 3 n=9%
X =1
x =5 x =4
Subproblem & Subproblem 7
z =40 z=13
(=6 X 1=5 rimid %
X =0 x =1
Candidate solution Candidate solution
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Example (iteration 7)

Subproblem |
=1 A :‘u
X =3
X g
n=4 X =3
Subprablem 2 Subproblem 3
z=139
=41
=2 3 =1 X =3 %
x =4
=3
5 =1 LB = 40
Xy =2 x; = 1
Subproblem §
Subproblem 4 ey gem 42
Infeasible 3 n=9%
X =1
x =35 x =4
Subproblem & Subproblem 7
z =40 z=13
=t x =35 1 x=4 %
X =0 x =1
Candidate solution Candidate solution

13



