Lecture 12: convergence

* More about multivariable calculus

+ Descent methods

» Backtracking line search

» More about convexity (first and second order)

* Newton step

+ Example 1: linear programming (one var., one constr.)
+ Example 2: linear programming (one var., two constr.)
+ Example 3: linear programming (two var., one constr.)
+ Example 4: linear programming (N var., M constr.)

Derivative (one variable)

Derivative, i.e. gradient (multiple variables)
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General interpretation of second derivative:
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Hessian matrix (multiple variables)
What if function has more than one variable?
£ is twice differentiable if dom f is open and the Hessian V2 f(x) € S”,
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Descent methods, convex functions (reminder)

2D = 0 L AR with fa® D) < fa®)

e other notations: " = x +tAx, v 1= +tAx
e Au is the step, or search direction; t is the step size, or step length

o from convexity, f(«t) < f(x) implies V f(x)T Az < 0
(i.e., Ax is a descent direction)

General descent method.

given a starting point = € dom f.

repeat
1. Determine a descent direction Au
2. Line search. Choose a step size t > 0
3. Update. = := x + tAuw.

until stopping criterion is satisfied.

[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]

Backtracking methods

exact line search: t = argmin,., f(x +tAx)

backtracking line search (with parameters a € (0.1/2), 3 (0.1))
e starting at t = 1, repeat ¢ := 3t until

fla+tAx) < f(r) + atVf(x)" A
e graphical interpretation: backtrack until t <t
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[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]

Backtracking methods

Stopping

f el flr+tAw) < f(x) + atV f(x)T Ax
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Backtracking methods
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Backtracking methods

Stopping
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Backtracking methods

Stopping (g Lt Ax) < f(x) + (x'l,V,/‘(;Ir)TA:J:

f criterion
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Backtracking methods

Stopping (g Lt Ax) < f(x) + (x'l,V,/‘(;Ir)TA:J:
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Backtracking methods

f STOP f(z+tAzx) < f(z) + atVf(x) Az
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Backtracking methods

exact line search: t = argmin,., f(x +tAx)
backtracking line search (with parameters a € (0.1/2), 3 (0.1))

e starting at t = 1, repeat ¢ := 3t until

fla+tAx) < f(r) + atVf(x)" A

e graphical interpretation: backtrack until t <t
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Convex functions: reminder

f:R" — Ris convex if dom f is a convex set and
flbx+ (1= 0)y) < Of(x) + (1= 0)f(y)

forall z,y edomf, 0<6 <1

e fis concave if —f is convex

e fis strictly convex if dom f is convex and
fllx+(1=0)y) <bOf(x)+ (1 —-6)f(y)

forr,ycedomf,x#y 0<6<1

[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]

[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]

First order conditions

f is differentiable if dom f is open and the gradient

(00 ) 9F(w)
Vi) = ( Dry ~ dry T dx, >

exists at each = € dom f

1st-order condition: differentiable f with convex domain is convex iff
F) > $@) + V() (y—2) forall 2.y & dom f
Jw) i
L
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first-order approximation of f is global underestimator
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[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]




Second order conditions

oo o Pfl@)
Vaf(x)i; = prr ij=1,..., n.

exists at each = € dom f

2nd-order conditions: for twice differentiable f with convex domain
e [ is convex if and only if

2

Vef(x) =0 forall z € dom f

o if V2f(x) = 0 for all # € dom f, then f is strictly convex

[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]

f is twice differentiable if dom f is open and the Hessian V2f(x) € S”,

Newton step

Quadratic approximation of a function
fla+v) = f@)+ fl@)v+ 57 (@)
Graphical interpretation

-
Af' () f I

=

(337 f/(x)) (Jl + Axnta f/(:r + Amnt))

Ay
T T+ A nt

Newton step (more than one dimension)

Arye = =V f(2)" 'V f ()

interpretations

e 1+ Ay minimizes second order approximation
n . oot Lo,
Fla+v) = f@) + V@) o+ 50TV ()
e 1+ Auwy solves linearized optimality condition

V(e +v)~Vie+v)=Vx)+Vif(x)r=0

[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]

Newton step

Quadratic approximation of a function
fla+v) = f@)+ fl@)v+ 57 (@)

Graphical interpretation

()

Numerical solution

x4+ Az, f(z + Am“t))l

Newton step

Quadratic approximation of a function
fla+v) = f@)+ fl@)v+ 57 (@)
Find the minimum of [ (' + ¥) with respect to U

f’(;r +v) = fl(z) +vf'(x)

fl(l' + l,‘) =0 v=— f/(l')

f//(I)
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Newton step descent algorithm

General algorithm:

given a starting point 2 € dom f, tolerance ¢ > 0.
repeat

1. Compute the Newton step and decrement.

Ay = —V2f(2)'Vf(x), N =V ) Vf(a) ' Vi)
2. Stopping criterion. quit if /\2/2 <e

3. Line search. Choose step size t by backtracking line search.

4. Update. x := x + tAz,;.




Application: linear programming

Back to linear programming: how would you solve a
linear program with interior point methods?

min: ¢’ . x

s.t. Ax<b

Instantiation of all the constraints:
min: cpry + corn + - eney
s.t.:  ap ry +aygre + - tap ey +ag NN

agry +agory + -+ agjrjc -+ A NN

a4 aypry + o Fan Ty Fay ey < by

Application: linear programming

Back to linear programming: how would you solve a
linear program with interior point methods?

min: ¢’ . x

s.t. Ax<b

Instantiation of all the constraints:

min: cjxy + caxo + - -+ eyen
s.t.r by — (a2 Farprs + o aja o Fag NaN) >0
by — (ag w1 +azaws + -+ agjrj- - +azNTN) >0

bar — (aara@y + anpowe + -+ ayjxg - +ayney) >0

Linear programming (one variable, one constraint)

Example: one constraint min: c¢-x
s.t. ar < b

Rewrite the constraint min: c-x
s.t. b—axr >0

Add logarithmic barrier min: ¢- 2 —clog(b — ax)
s.t. no constraints

Solve the unconstrained control problem:

Linear programming (one variable, two constraints)

Example: two constraints min: ¢z
s.t. ar <
dr < ¢
Rewrite the constraints min: c¢-x
s.t. e—dr >0
b—ar >0
Add logarithmic barrier
min: c¢-x —clog(b— axr) —clog(e — dx)
s.t. no constraints
Solve the unconstrained control problem:
a d

(x) = e— +e———
fla)y=c+ b—ax + e—dx

Linear programming (two variables, two constraints)

Example: two variables /two constraints min: «x + Sy
st <9
Cy<=¢
Rewrite the constraints min: axz + 3y
st. d—nx >0
—=Cy=0
Add logarithmic barrier
min: ax + Jy — elog(d — vz) — elog( — Cy)
s.t. no constraints

Solve the unconstrained control problem:

Linear programming (two variables, one constraints)

Example: two variables /two constraints min: «ax + Sy
st yr+dy<np

Add logarithmic barrier

min: oz + By — elog(p — (v + dy))
s.t. 1o constraints

Solve the unconstrained control problem:

V(a.y) = ( 3 ) +5< oy )
p—(yz+oy)




Linear programming (N variables, M constraints)

Example: two variables /two constraints

min: cjxy + cawo + -+ even

st apgry taypry -+ ay o
a2171 +azpT2 + - tag;

s tap NEN <b

jotaaNTN < by

ap1wy +anpre + - Fapjrg o +ay ey < by
Rewrite the constraints
min: cjxy + oo + -+ cyen
s.tr by — (a1 faypre + - Fayjrjo+apNey) >0
by — (ag w1 +agwy + - -+ agjrj--- +agNry) >0

bar — (anawy +anpowa + - +ayjrg - +ayney) >0

Linear programming (N variables, M constraints)

Reuwrite the constraints

min: cjzy + cro 4 -+ eney

s.tr by — (a1 faypre + - Fayjrj o +apNey) >0
by — (ag w1 +agwy + -4 agjrj--- +ayNry) >0

bar — (anawy +anpoas + - +ayjrg - +ayNey) >0

Add logarithmic barrier:

min: cjxy +corg + -+ oven
+elog(by — (a1 + ayors + - +ayjrj-- -+ ap Nvey)) >0
+elog(by — (ag a1 + azows + -+ agjaj -+ as yry)) >0

+elog(bar — (anraxy + anpows + -+ ayja; - +ayyey)) =0
s.t. 1no constraints

Linear programming (N variables, M constraints)

Add loaarithmic barrier:
min: cjxy +corg + -+ oven

+elog(by — (a1 + ayors + - +ayjrj-- -+ ap Nvey)) >0
+elog(by — (ag 11 + agows + - - +agjuj-- -+ asNay)) >0

+elog(byy — (aprier + appos + -+ 4 aypjay -+ -+ aynaey)) >0
s.t. 1no constraints
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Linear programming (N variables, M constraints)

Gradient: el v
. C2 v2

Vi ey, ay) = | +
CN UN

Components of the gradient:
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Linear programming (N variables, M constraints)

Gradient: el v
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Linear programming (N variables, M constraints)

Gradient: el v
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