Lecture 1: linear optimization: introduction

« Definition of cost / objective function

« Example of cost functions, affine functions, linear functions
« Definition of constraints

« Example of constraints, linear constraints

¢ Linear programs

* General form of a linear program

* Sigma notation

« Extended example 1: the transportation problem

* Google maps

* Extended example 2: the shortest path problem

What is optimization?

Minimize a cost or objective function (for ex. cost of production)
or
Maximize a cost or objective function  (for ex. profit)

with respect to constraints
- Employee cannot work more than x hours a day
- Only three people can use the same machine at a time

- The pipeline’s maximal fuel throughput is y

i.e. find a solution that is optimal within limits given

What is a cost function?

Lower cost to fly CommuteAir than jet
on flight legs shorter than 500 miles

Jet aircraft

s050 cost= f(variables)

CommuteAir

100 1000

miles

Example: cost of a mile as a function of the distan ~ ce

[http:/Awww.skyaid.org]

Linear or affine cost functions

cost
® cost

approximation

. pond size
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For some application, some cost functions look almo st like
“lines”, i.e. are linear or affine . Example here: cost of
building a dam as a function of the size of the pon  d

[http://home.hetnet.nl/~krekelberg/chapter3.htm]

Linar functions

Price of gas ($):

10 Ogallon =$0

9 lgallon =$2.25
8 2 gallons = $ 4.50
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Affine functions

Price of renting a U-haul ($):

1 2 3 4 5 6 7 8 9 10 11 12
X 10 (mile)




Linear or affine cost functions: formal definition

Minimizing the affine cost function

(w1, 22) =5+ 221 + 322

is the same as minimizing the linear cost function
c(x1, z2) = 2w1 + 322

A more general expression of the cost function:

C(:l?l, €T, ,:17,1) = a1r1 + axe + -+ apTy

Minimizing affine or linear function is the same

Minimizing a function f(x)
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Minimizing affine or linear function is the same

Minimizing a function f(x) or f(x)+c is the same
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Example: cost of building a wall

Cost of a pound of cement ($ per Ib)
Cost of a feet of steel beam ($ per ft)

al
as

Weight of cement (Ib)
Length of steel beam (ft)

Total cost ($)

€y
T2

c(xy, xe) = a121 + a2

Note that none of the variables above has the same  unit!

Note however that  @121and  G2Zand  c(x1,x9)a ve

the same unit

What is a constraint?

A constraint is a condition on variables which rest ricts the
values they can take

Your maximal budget for cement is Cmax
171 < Cpax

Your minimal budget for steel is Smin
2T Z Smin

You want to spend twice as much for steel as force  ment
asry > 2(1,1,7’1

You want to spend a given minimum amount forthewa Il @i

11 + a9 = Ain

Summary

Your optimization program incorporating all your co nstraints
can be formulated as follows.

Minimize:
Subject to:

clry,xa) = a1x; + axry
171 < Cax

3T Z Smin

1T + A2 2 Apin
asxo > 2a11q




Constraints in the form of equalities (1)

Sometimes, constraints are given in the form of equ alities

Example: you want to spend exactly twice as much fo  r steel
as for cement:

asry = 2a1x

This is exactly the same as

asry > 2a1xr1 and  aswo < 2a111

Constraints in the form of equalities (II)

So you could rewrite the program in the following f orm:

Minimize: c(xy, w2) = @11 + azry
Subject to:  a111 < Cpan
agra Z Smin
a1y + a2 2 Amin
agrg 2 2(11[1
agry < 2aj1y

One can thus assume that all constraints are always given in
the form of inequalities.

General form for a linear program

So you could rewrite the program in the following f orm:

min: ¢z + coxo + -+ ey
s.t.r apgry tapere+ -t ap T a NTN <b
a2 1T + a2 2xy + - Faz i+ ay NCN < by

ap1wy +angpxe + - ap g +ayvey < by

Sigma notation

So you could rewrite the program in the following f orm:

min: Z}LN’NU

s.t.: Z;Ll(ll.jfj < b
N
Zj:l(I'Q-]‘TJ' < b

. :
Y anry < by

Example: the transportation problem (1)

Paul’s farm produces 4 tons of apples per day Sp = 4
Ron'’s farm produces 2 tons of apples per day 5y =2
Max’s factory needs 1 ton of apples per day dpy =1
Bob’s factory needs 5 tons of apples per day dy, =5

George owns both farms and factories. He is paying the cost
of shipping all the apples from the farms to the fa  ctories.

The shipping costs for George are:

Paul »Max: 1000$ per ton cpm = 1000 Tpm
Ron >Max: 1350$ per ton Crm = 1350 Lrm
Paul -»Bob: 12508 per ton cpp = 1250 Tpb
Ron ->Bob: 14508 per ton ¢y = 1450 T

What is the best way to ship the apples?

Example: the transportation problem (11)

George pays for the shipping

Paul

Ron




Example: the transportation problem (l11)

min: 1000z, 4+ 1350, 4+ 1250, 4+ 1450,
Subject to: xp, 4+ 2z =1

Tph + Tpp = 5

Tpm + Tpp = 4

Tpm + T = 2

Tpm = 0, Ty >0, @y, >0, 2 >0

Paul

Ron

Example: the transportation problem (1V)

min: TpmCpm T TpmCrm + TpbCpb + TrbCrh
Subject to: xp, + T =dp,

Tpb + 20 = db

Tpm + Tpbh = Sp

Tym + Tpp = Sy

Tpm = 0 20, 20, 2pp >0, 29 >0

Paul

Ron

General form of the transportation problem

min: Dol Do i
Subject to: >, x5 =d; j=1,-.,n
Er’,}:1 Tij = i i=1,--.m
x5 >0 foralli,j
Paul
Ron

Please, be lazy, do not write pages of equations...

Use summations, they leave you more timetogotot  he movies

min: im1 2=t Ciji

Subject to: >, x;; =d; j=1,,n
Z?:ll?ij:é’i i=1,---.m
xi; >0 foralli,j

Example: a « small » network (air traffic control)

Latitude (deg)
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28 124 122 120
Longitude (deg)
[Robelin, Sun, Bayen, tech. rep., 2005]

Example: a « large » network (the internet)




Example: shortest path

Alice

Beatrix

Example: shortest path

Example: shortest path: length of the shortest path

Beatrix

Example: shortest path: length of the shortest path

Beatrix

Define

rij =1 For every (i,j) on the shortest path
2 =10 For every (i,j) not on the shortest path

Example: shortest path: length of the shortest path

Define

x5 =1 For every (i,j) on the shortest path
25 =0 For every (i,j) not on the shortest path

Example: shortest path: choice of path

Alice

Define

;=1 For every (i,j) on the shortest path
zi;=0 For every (i,j) not on the shortest path




Example: shortest path

Define a graph (road network)

Beatrix
Alice

Call ¢ijthe cost to go fromito j (for exmple fu el burned)
For example C34is the cost to go from node 3to  node 4

Example: shortest path

Define a graph (road network)

Beatrix
Alice

Take w;; = 1 if Alice decides to go throug h link (i,j), zero
otherwise

For example 34 = 1f Alice decides to use route (3,4)

Example: shortest path

3
T19 = o5 = X53 = 134 = W47 = 1
All other x;; are zero
Total length of this path: €12 + €25 + €53 + €34 + C47

Example: shortest path

Total length:
§ Cij = Z TijCij = § LijCij
(4,j) chosen on path (,) chosen on path all (i.5)

Example: shortest path

10
Minimize: Z = Z cajraj+ Z Z CijTij + Z CiBTjB

jeNA jeNp

Total length

Cost of arc (i,j) 1if link (i,j) chosen
0 otherwise

N, setof nodes j with direct connections to node i

Example: shortest path

10
minimize: Z = Z cajraj + Z Z CijTij + Z CiBTjB

jeNa i=1 jeN; jeNp

such that: ZTJ';:Z;I‘I'J. i=1,---,10
JEN jEN

l \ All links leaving node i

All links arriving at node i

N, setof nodes j with direct connections to node i




Example: shortest path

10
minimize: 7 = Z CAjTAj + Z Z CijTij + Z CjBTjB

JEN4 i=1 jeN; jeNp
such that: Yowi=y wy. i=1---.10
jen; e,

E ra; =1 Starting from A, Alice can only
J

~ take one path

JENA

LUA]'

NA set of nodes j with direct connections to node A

Example: shortest path

10
minimize: 7 = Z CAjTAj + Z Z CijTij + Z CjBTjB

JEN4 i=1 jeN; jeNp
such that: Y@=y @i =110
JeN; jeN,
Z x5 =1
JENA

Z rjp=1 Arriving at B, one can only
e take one path
jeNp

ZL‘jB

NB set of nodes j with direct connections to node B

Example: shortest path

10
minimize: Z = Z cajraj + Z Z cijrij + Z CiBTjB

JENA i=1 jeN; jeENB

such that: Z Tji = Z rij, i=1.---,10

JEN; JEN;

Z za =1

JENA

Z.T,j}gil

jeNp

25 >0, 2, >0, x4;>0

N; setof nodes j with direct connections to node i

Example: a « small » network (air traffic control)

Latitude (deg)
8

126 24 122 120 B 18
Longitude {deg)
[Robelin, Sun, Bayen, tech. rep., 2005]

Example: a « large » network (the internet)

[http:. lumeta




