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SUMMARY

This article proves the existence and uniqueness of a weak solution to a scalar conservation law on a
bounded domain. A weak formulation of the boundary conditions is needed for the problem to be well
posed. The existence of the solution results from the convergence of the Godunov scheme. This weak
formulation is written explicitly in the context of a strictly concave flux function (relevant for highway
traffic). The numerical scheme is then applied to a highway scenario with data from highway Interstate-80
obtained from the Berkeley Highway Laboratory. Finally, the existence of a minimiser of travel time is
obtained, with the corresponding optimal boundary control. Copyright # 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

This article is motivated by recent research efforts which investigate the problem of controlling
highway networks with metering strategies that can be applied at the on-ramps of the highway
(see in particular Reference [1] and references therein). The seminal models of highway traffic go
back to the 1950’s with the work of Lighthill–Whitham [2] and Richards [3] who used fluid
dynamics equations to model traffic flow. The resulting theory, called Lighthill–Whitham–
Richards (LWR) theory relies on a scalar hyperbolic conservation law, with a concave flux
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function. Very few approaches have tackled the problem of boundary control of scalar
conservation laws in bounded domains in an explicit manner directly applicable for engineering.
Unlike the viscous Burgers equation, which has been the focus of numerous ongoing studies,
very few results exist for the inviscid Burgers equation, which is traditionally used as a model
problem for hyperbolic conservation laws. Differential flatness [4] and Lyapunov theory [5] have
been explored and appear as promising directions to investigate.

The proper notion of weak solution for the LWR partial differential equation (PDE), called
entropy solution was first defined by Oleinik [6] in 1957. Even though this work was known to the
traffic community, it does not (as far as we know) appear explicitly in the transportation literature
before the 1990s with the work of Ansorge [7]. The entropy solution has been since acknowledged
as the proper weak solution to the LWR PDE [8] for traffic models. Unfortunately, the work of
Oleinik in its initial form [6] does not hold for bounded domains, i.e. it would only work for
infinitely long highways with no on-ramps or off-ramps. Bounded domains, i.e. highways of finite
length (required to model on and off-ramps) imply the use of boundary conditions, for which the
existence and uniqueness of a weak solution is not straightforward.

The first result of existence and uniqueness of a weak solution of the LWR PDE in the
presence of boundary conditions follows from the work of Bardos et al. [9], in the more general
context of a first-order quasi-linear PDE on a bounded open set of Rn: In particular, they
introduce a weak formulation of the boundary conditions for which the initial-boundary value
problem is well posed.

We begin this article by explaining that in general, one cannot expect the boundary conditions
to be fulfilled point-wise a.e. (almost everywhere) and we provide several examples to illustrate
this fact.

We then turn to the specific case of highway traffic flow, for which we are able to state a
simplified weak formulation of the boundary conditions, and prove the existence and
uniqueness of a weak solution to the LWR PDE, the former resulting from the convergence
of the associated Godunov scheme to the entropy solution of the PDE. This represents a major
improvement from the existing traffic engineering literature, where boundary conditions are
expected to be fulfilled point-wise and therefore existence of a solution and convergence of the
numerical schemes to this solution are not guaranteed.

We illustrate the applicability of the method and the numerical scheme developed in this work
with a highway scenario, using data for the Interstate-80 highway, obtained from the Berkeley
Highway Laboratory [10]. In particular, we show that the model is able to reproduce flow variations
on the highway with a very good accuracy over 24hours in both free flow and congestion modes.

The last part of the article is devoted to the boundary control of the LWR PDE and its
application to a highway optimisation problem, in which boundary control is used to minimise
travel time on a given stretch of highway.

2. THE NEED FOR A WEAK FORMULATION OF BOUNDARY CONDITIONS

This section shows three examples of the sort of trouble one runs into when prescribing the
boundary conditions in the strong sense. Numerous articles solve a discrete version of this type
of problems. Regardless of the numerical schemes used [8, 11–14], if boundary conditions are
not imposed in the weak sense, the numerical solution provided by these schemes is meaningless
as far as the PDE problem is concerned. Indeed, while the numerical schemes listed above might
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still yield a numerical output, this numerical data would correspond to an initial boundary-value
problem that does not have a solution in the first place (because the corresponding continuous
problem is usually ill-posed). However, if these schemes are considered as discrete models
solving a discrete problem with strong boundary conditions, they might still produce discrete
results that stand on their own, regardless of the underlying continuous problem.

To sum up, boundary conditions may only be prescribed on the part of the boundary where
the characteristics are incoming, that is entering the domain.

Example 1 (Advection equation)
We start by considering the simple example where the propagation speed is a constant c;

@r
@t
þ c

@r
@x
¼ 0 for ðx; tÞ 2 ða; bÞ � ð0;TÞ

In that case, one can clearly see that the boundary condition is either prescribed on the left
ðx ¼ aÞ if the speed c is positive or the right ðx ¼ bÞ if the speed is negative. While finding the
sign of the speed is quite simple in the linear case, this becomes more subtle when dealing with a
nonlinear conservation law such as the LWR PDE as this sign is no longer constant.

Example 2 (LWR PDE, shock wave back-propagation due to a bottleneck)
For this example, we consider the LWR PDE with a Greenshields flux function [15]

@r
@t
þ v 1�

2r
rn

� �
@r
@x
¼ 0 ð1Þ

where r ¼ rðx; tÞ is the vehicle density on the highway, rn is the jam density and v is the free flow
density (see References [8, 14] for more explanations on the interpretation of these parameters).
We consider a road of length L ¼ 30; rn ¼ 4 and v ¼ 1 (dummy values), and an initial
density profile given by r0ðxÞ ¼

4 rðx; 0Þ ¼ 2 if x 2 ½0; 10�; r0ðxÞ ¼
4 rðx; 0Þ ¼ 4 if x 2 ð10; 20�;

r0ðxÞ¼
4 rðx; 0Þ ¼ 1 if x > 20: The highway might be bounded or unbounded on the right at

x ¼ L ¼ 30 (it does not matter for our problem). We assume free flow conditions at x ¼ L and
that we can control the inflow at x ¼ 0. We try to prescribe the inflow point-wise, i.e. rð0; tÞ ¼ 2
for all t (this corresponds to sending the maximum flow onto the highway). The solution to this
problem can easily be computed by hand (for example by the method of characteristics, see
Figure 1, left). The solution to this problem reads

rðx; tÞ ¼ 2 if t42ð10� xÞ AC is a shock

rðx; tÞ ¼ 4 if 2ð10� xÞ4t420� x BC is the left edge of an

expansion wave

rðx; tÞ ¼ 2ð1� ðx� 20Þ=tÞ if t5maxf20� x; 2ðx� 20Þg CBD is an expansion wave

rðx; tÞ ¼ 1 if 42ðx� 20Þ BD is the right edge of an

expansion wave

8>>>>>>>>>>><
>>>>>>>>>>>:

As can be seen, limx!0þrðx; tÞ ¼ 2 for t420 and limx!0þrðx; tÞ ¼ 2ð1þ 20=tÞ for t > 20: Thus,
the boundary condition rð0; tÞ ¼ 2 is no longer verified as soon as t520: This phenomenon is
crucial in traffic flow models: it represents the back-propagation of congestion (i.e. upstream). If
the location x ¼ 0 was the end of a link merging into the highway (that we could potentially
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control), the case when rð0þ; tÞ > rn is congested would correspond to a situation in which the
upstream flow (x ¼ 0�) is imposed by the downstream flow (x ¼ 0þ), i.e. the boundary
condition on the left becomes irrelevant. When rð0þ; tÞ5rn is not congested, the boundary
condition is relevant and can be imposed point-wise.

Example 3 (Burgers equation)
We now consider the inviscid Burgers equation on ð0; 1Þ � ð0;TÞ: If we try to prescribe strong
boundary conditions at both ends, the problem becomes ill-posed. Burgers equation reads:

@u

@t
þ u

@u

@x
¼ 0 ð2Þ

We set the initial value uðx; 0Þ ¼ 1; and the boundary conditions uð0; tÞ ¼ uð1; tÞ ¼ 0 on ½0; 1�:
The solution of (2) with these boundary conditions is for t51:

uðx; tÞ ¼
x

t
if x5t self similar expansion wave

uðx; tÞ ¼ 1 if x > t convection to the right with speed 1

We notice that the boundary condition is not satisfied at x ¼ 1: Since the data propagates at
speed u; the characteristics are leaving ½0; 1� at x ¼ 1 while they stay in ½0; 1� as a rarefaction
wave at x ¼ 0:

3. TRAFFIC-FLOW EQUATION WITH BOUNDARY CONDITIONS

We consider a mixed initial-boundary value problem for a scalar conservation law on
ða; bÞ � ð0;TÞ:

@r
@t
þ
@qðrÞ
@x
¼ 0 ð3Þ
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Figure 1. Left: characteristics for the solution of the LWR PDE for Example 2. Right: corresponding
value of the solution at successive times. The arrow represents the value of the input at x ¼ 0; which

becomes irrelevant for t520:

8><
>:
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with the boundary conditions

rða; tÞ ¼ raðtÞ and rðb; tÞ ¼ rbðtÞ on ð0;TÞ

and the initial condition

rðx; 0Þ ¼ r0ðxÞ on ða; bÞ

As usual with nonlinear conservation laws, in general there are no smooth solutions to this
equation and we have to consider weak solutions (see for example References [16–18]). In this
article we use the space BV of functions of bounded variation which appears very often when
dealing with conservation laws. A function of bounded variation is a function in L1 such that its
weak derivative is uniformly bounded. We refer the intrigued readers to the book from
Ambrosio et al. [19] for many more properties and applications of BV functions. Other valuable
references on BV functions include the article by Vol’pert [20] and the book from Evans and
Gariepy [21].

In our problem, we make the assumption that the flux q is continuous and that the initial
and boundary conditions r0; ra; rb are functions of bounded variation. When the flux q
models the flux of cars in terms of the car density r we obtain the LWR PDE. As explained
earlier on, boundary conditions may not be fulfilled point-wise a.e., thus following Reference
[9], we shall require that an entropy solution of (3) satisfy a weak formulation of the boundary
conditions:

Lðrða; tÞ; raðtÞÞ ¼ 0 and Rðrðb; tÞ;rbðtÞÞ ¼ 0

where

Lðx; yÞ ¼ sup
k2Iðx;yÞ

ðsgðx� yÞðqðxÞ � qðkÞÞÞ

and

Rðx; yÞ ¼ inf
k2Iðx;yÞ

ðsgðx� yÞðqðxÞ � qðkÞÞÞ for x; y 2 R

and Iðx; yÞ ¼ ½infðx; yÞ; supðx; yÞ�; where sg denotes the sign function.
In the case of a strictly concave flux (such as the [15, 22] models used in traffic flow modelling),

a simplified formulation of the boundary conditions can be developed (Le Floch gives
analogous conditions in the case of a strictly convex flux in Reference [23]):

rða; tÞ ¼raðtÞ or

q0ðrða; tÞÞ4 0 and q0ðraðtÞÞ40 or

q0ðrða; tÞÞ4 0 and q0ðraðtÞÞ50 and qðrða; tÞÞ4qðraðtÞÞ

Similarly, the boundary condition at b is:

rðb; tÞ ¼rbðtÞ or

q0ðrðb; tÞÞ5 0 and q0ðrbðtÞÞ50 or

q0ðrðb; tÞÞ5 0 and q0ðrbðtÞÞ40 and qðrðb; tÞÞ5qðrbðtÞÞ

As noticed in Reference [23], we can always assume the boundary data are entering the
domain at both ends. Indeed, if for example q0ðraðtÞÞ50 on a subset I of Rþ of positive measure,

8>>><
>>>:

8>>><
>>>:
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the boundary data:

*raðtÞ ¼
q0�1ð0Þ if t 2 I

raðtÞ otherwise

(

will yield the same solution.
With this assumption the boundary conditions can be written as:

rða; tÞ ¼ raðtÞ or

q0ðrða; tÞÞ4 0 and qðrða; tÞÞ4qðraðtÞÞ

and

rðb; tÞ ¼ rbðtÞ or

q0ðrðb; tÞÞ5 0 and qðrðb; tÞÞ5qðrbðtÞÞ

We can now define a notion of entropy solution for a scalar conservation law (3) with initial
and boundary conditions.

Definition
A solution of the mixed initial-boundary value problem for the PDE (3) is a function
r 2 L1ðða; bÞ � ð0;TÞÞ such that for every k 2 R; j 2 C1

c ðð0;TÞÞ; the space of C1 functions with
compact support, and g 2 C1

c ðða; bÞ � ð0;TÞÞ with j and g non-negative:Z b

a

Z T

0

jr� kj
@g

@t
þ sgðr� kÞðqðrÞ � qðkÞÞ

@g

@x

� �
dx dt50

and there exist E0; EL; ER three sets of measure zero such that:

lim
t!0;t =2 E0

Z b

a

jrðx; tÞ � r0ðxÞj dx ¼ 0

lim
x!a;x =2 EL

Z T

0

Lðrðx; tÞ; raðtÞÞjðtÞ dt ¼ 0

lim
x!b;x =2 ER

Z T

0

Rðrðx; tÞ; rbðtÞÞjðtÞ dt ¼ 0

With this definition, we now establish the uniqueness by proving an L1-semigroup property
following the method introduced by Kružkov [24] (see also the articles from Keyfitz [25], Otto
[26] and Schonbek [27]).

Let r; s be two solutions of (3), j and c two test functions in C1
c ðð0;TÞÞ and C1

c ðða; bÞÞ;
respectively, and non-negative; the aforementioned definition yields:Z b

a

Z T

0

ðjrðx; tÞ � sðx; tÞjcðxÞj0ðtÞ þ sgðrðx; tÞ � sðx; tÞÞðqðrðx; tÞÞ

� qðsðx; tÞÞÞjðtÞc0ðxÞÞ dx dt50

(

(
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This proof is similar to the proof of Theorem 1 in [24] except for the presence of boundary
conditions. For c approximating wj½a;b�; the characteristic function of the interval ½a; b�; we have:Z b

a

Z T

0

jrðx; tÞ � sðx; tÞjj0ðtÞ dt5 lim inf
x!b

Z T

0

sgðrðx; tÞ � sðx; tÞÞðqðrðx; tÞÞ

� qðsðx; tÞÞÞjðtÞ dt

� lim sup
x!a

Z T

0

sgðrðx; tÞ � sðx; tÞÞðqðrðx; tÞÞ

� qðsðx; tÞÞÞjðtÞ dt

For a fixed x =2 EL and t 2 ð0;TÞ; we can always define kðx; tÞ 2 Iðsðx; tÞ;raðtÞÞ \ Iðrðx; tÞ;raðtÞÞ
such that

sgðrðx; tÞ � sðx; tÞÞðqðrðx; tÞÞ � qðsðx; tÞÞÞ ¼ sgðrðx; tÞ � raðtÞÞðqðrðx; tÞÞ � qðkðx; tÞÞÞ

þ sgðsðx; tÞ � raðtÞÞðqðsðx; tÞÞ � qðkðx; tÞÞÞ4Lðrðx; tÞ; raðx; tÞÞ þ Lðsðx; tÞ;raðx; tÞÞ

The situation is similar in a neighbourhood of b which eventually yields:Z b

a

Z T

0

jrðx; tÞ � sðx; tÞjj0ðtÞ dt dx50

Therefore, for 05t05t15T ;Z b

a

jrðx; t1Þ � sðx; t1Þj dx4
Z b

a

jrðx; t0Þ � sðx; t0Þj dx

which proves the L1-semigroup property from which the uniqueness follows.

4. NUMERICAL METHODS FOR THE INITIAL-BOUNDARY VALUE PROBLEM

In this section, we prove the existence of a solution to Equation (3) through the convergence of
the Godunov scheme.

Let h ¼ ðb� aÞ=M and Ii ¼ ½aþ hði � 1
2
Þ; aþ hði þ 1

2
ÞÞ for i 2 f0; . . . ;Mg:

For r > 0; let Jn ¼ ½ðn� 1
2Þrh; ðnþ

1
2ÞrhÞ with n 2 f0; 1; . . . ;N ¼ Eð1þ ðT=rhÞÞg:

We approximate the solution r by rni on each cell Ii � Jn; with rh the resulting function on
½a; b� � ½0;T �:

The initial and boundary conditions can be written as:

r0i ¼
1

h

Z
Ii

r0ðxÞ dx; 04i4M

rn0 ¼
1

rh

Z
Jn

raðtÞ dt and rnM ¼
1

rh

Z
Jn

rbðtÞ dt; 04n4N

According to the Godunov scheme [11], rnþ1i is computed from rni by the following
algorithm:

rniþ1=2 is an element k of Iðrni ;r
n
iþ1Þ such that sgðrniþ1 � rni ÞqðkÞ is minimal

rnþ1i ¼ rni � rðqðrniþ1=2Þ � qðrni�1=2ÞÞ
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Let M0 ¼ maxðjjr0jj1; jjrajj1; jjrbjj1Þ; if the CFL (Courant–Friedrichs–Lewy) condition [28]

r sup
jkj5M0

jq0ðkÞj41

is verified, rh converges in L1ðða; bÞ � ð0;TÞÞ to a solution r 2 BVðða; bÞ � ð0;TÞÞ:
The CFL condition yields the following estimates:

jrnþ1i j4ð1þ C0hÞsupðjrni�1=2j; jr
n
i j; jr

n
iþ1=2jÞ þ C1h for every i 2 Z

X
14i4M

jrnþ1iþ1 � rnþ1i j4ð1þ C2hÞ
X
jij4Mþ1

jrniþ1 � rni j þ C3Mh2 for every M 2 N

X
jij4M

jrnþ1i � rni j4
X
jij4Mþ1

jrniþ1 � rni j þ C4Mh 1þ sup
i2Z
jrni j

� �
for every M 2 N

from which we can deduce that a subsequence rhn converges strongly to a function
r 2 L1ðða; bÞ � ð0;TÞÞ of bounded variation and verifying the initial condition.

We also have for k of Iðrni ;r
n
iþ1Þ

jrnþ1i � kj4jrni � kj � rðsgðrniþ1=2 � kÞðqðrniþ1=2Þ � qðkÞÞ � sgðrni�1=2 � kÞðqðrni�1=2Þ � qðkÞÞÞ

which shows that r is a weak solution of (3).
If jn ¼ ð1=rhÞ

R
In
jðtÞ dt for j 2 C1

c ðð0;TÞÞ; non-negative, we have:X
04n4N

sgðrniþ1=2 � kÞðqðrniþ1=2Þ � qðkÞÞjnrh

4
X

04n4N

sgðrn1=2 � kÞðqðrn1=2Þ � qðkÞÞjnrhþ ihjjj0jj1TðM0 þ jkjÞ

Let lðtÞ be the weak * limit in L1ðð0;TÞÞ of a subsequence of qðri1=2Þ; the following inequality
holds: Z T

0

sgðrðx; tÞ � kÞðqðrðx; tÞÞ � qðkÞÞjðtÞ dt

4
Z T

0

sgðraðtÞ � kÞðlðtÞ � qðkÞÞjðtÞ dtþ jx� aj � jjj0jj1TðM0 þ jkjÞ

using that sgðrn1=2 � kÞðqðr1=2Þ � qðkÞÞ4sgðrn0 � kÞðqðr1=2Þ � qðkÞÞ:
rðx; :Þ is of bounded variation, therefore it converges strongly in L1 sense to a limit a 2

L1ðð0;TÞÞ and it verifies:

sgðaðtÞ � kÞðqðaðtÞÞ � qðkÞÞ4sgðraðtÞ � kÞðlðtÞ � qðkÞÞ

for every k 2 R and a.e. t 2 ð0;TÞ: This inequality shows that l ¼ qðaÞ a.e. and LðaðtÞ;raðtÞÞ40
and r verifies the weak boundary condition at x ¼ a: Similarly, r verifies the corresponding
condition at x ¼ b and the existence is proved.
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5. IMPLEMENTATION AND SIMULATIONS FOR HIGHWAY INTERSTATE-80

We now turn to the practical implementation of the Godunov scheme for the LWR PDE. The
scheme is written as follows:

rnþ1i ¼ rni � rðqGðrni ; r
n
iþ1Þ � qGðrni�1;r

n
i ÞÞ for 04n4N; 04i4M

If the flux q is concave, which is often the case in traffic flow modelling, it reaches its only
maximum at the critical density rc (see Figure 2) and the numerical flux qG is can be written
explicitly as:

qGðr1;r2Þ ¼

qðr2Þ if rc5r25r1

qðrcÞ if r25rc5r1

qðr1Þ if r25r15rc

minðqðr1Þ; qðr2ÞÞ if r14r2

8>>>>><
>>>>>:

The boundary conditions are treated via the insertion of a ghost cell on the left and on the
right of the domain, that is

rnþ10 ¼ rn0 � rðqGðrn0; r
n
1Þ � qGðrn�1; r

n
0ÞÞ

with rn�1 ¼ ð1=rhÞ
R
Jn
raðtÞ dt; 04n4N for the left boundary condition and

rnþ1M ¼ rnM � rðqGðrnM ; r
n
Mþ1Þ � qGðrnM�1;r

n
MÞÞ

with rnMþ1 ¼ ð1=rhÞ
R
Jn
rbðtÞ dt; 04n4N on the right of the domain.

We apply this Godunov scheme to the simulation of highway traffic. A comparison
of the density obtained numerically with the corresponding experimental density measured
by the loop detectors is performed. We consider Interstate-80 Eastbound in West Berkeley

Figure 2. Left: illustration of the empirical data obtained from the Berkeley Highway Laboratory.
The horizontal axis represents the normalised density r (i.e. occupancy, see References [10, 29] for
more details). The vertical axis represents the flux qð�Þ: Each track corresponds to a loop detector
measurement. This data can easily be modelled with a triangular flux function, for which we display
the critical density rc and the jam density, rn: Right: location of the loop detectors used for

measurement and validation purposes.
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and Emeryville and focus on a section going from loop detector 5 to 3 during a period of
24 hours. Both free flow and congestion modes are observed. The data measured
by the loop detectors is accessible through the Berkeley Highway Laboratory web site [10]
(see Figure 2).

We measure the flow and density at loop detectors 3 to 5 (Figure 3). The need for signal
processing is quite visible from Figure 4; for this example, it was done using fast Fourier
transform (FFT) methods. The densities at detectors 5 and 3 are used as boundary values in the
numerical scheme and the simulated and measured densities at detector 4 are compared for
a 24-h period. The numerical scheme was implemented using a grid of 100 points in space and
278 000 points in time and ran in less than 5min on a Pentium 4 computer. The results shown in

Figure 3. Set-up of sensors 3, 4 and 5 used for this study in the Berkeley Highway Lab.
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Figure 4. Left: Berkeley Highway Laboratory data used for the simulation, measured at loop
detector 4. The horizontal axis represents time, the vertical axis represents the density at
detector 4. Right: comparison between loop detector 4 measurements and density simulations
predicted by the model at the same location. The horizontal axis is time; the vertical axis is the

vehicle density. Experimental data obtained from Reference [10].
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this figure illustrate the fact that the method is able to reproduce traffic flow patterns both in free
flow and congestion modes.

The graphs of the density in function of the distance at given times provide a practical
signification of the weak formulation of boundary conditions. For the sake of clarity, it was
decided to represent the density on the entire section of highway considered as well as the ghost
cell values. Whether a boundary condition at one end is applied point-wise or not can be seen
immediately by checking on the graph for the presence of a discontinuity at that end. Indeed,
when boundary conditions apply, the ghost cell value is equal to the value of the solution at this
end ðra ¼ rða; tÞ or rbðtÞ ¼ rðb; tÞÞ: In free flow (density smaller than the critical density
rc ¼ 45 vehicles=mile), characteristics enter the domain on the left and exit on the right,
therefore the boundary conditions only apply on the left. Indeed this is easily verified on the
corresponding graph (Figure 5, left bottom subfigure) as the value of the density on the left is
equal to that of the ghost cell whereas these two values are different on the right creating a
discontinuity. The next picture (Figure 5, right bottom subfigure) presents a fully developed
congestion (density greater than the critical density rc ¼ 45) for which the characteristics leave
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Figure 5. Top left: the horizontal axis represents the distance and the vertical axis the density. Boundary
conditions apply at both ends. Note the shock wave moving upstream. Top right: boundary conditions do
not apply anywhere. Bottom left: free flow. Boundary conditions apply only on the left. Bottom right: fully

developed congestion. Boundary conditions apply only on the right.
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the domain on the left and enter it on the right. Similarly, a discontinuity is seen on the left but
not on the right. Next is a graph of a situation where the density is below the critical density on
the left and above on the right; characteristics enter the domain at both ends, hence the
boundary conditions apply point-wise at the two extremities (Figure 5, top left subfigure); no
discontinuity can be seen at the ends. The last picture presents the opposite case with
characteristics leaving the domain at both ends and no boundary conditions applying at all
(Figure 5, top right subfigure); note the discontinuities at each end. This is the first time that
these phenomena are described in a traffic engineering article.

These graphs also present a confirmation of the correct modelling of weak boundary
conditions by the numerical scheme developed in the article. Indeed, while one may be under the
impression that the conditions are always imposed point-wise at both ends through the ghost
cells, the preceding pictures show that when the characteristics leave the domain at one end, the
ghost cell values are ignored and the value of the density at this extremity is unrelated to that of
the ghost cell.

6. OPTIMISATION OF TRAVEL TIME VIA BOUNDARY CONTROL

Our next endeavor is directed towards the minimisation of the mean time spent by cars
travelling through a stretch of highway between x ¼ a and x1 via the adjustment of the density
of cars entering the highway. The results from Ancona and Marson [30, 31] enable us to solve
this problem.

The first step consists in studying the attainable set at a fixed point in space x1:
Aðx1;CÞ ¼ frðx1; :Þg; r being a solution of the LWR PDE with r0 ¼ 0 and ra 2 C for a given

set of admissible controls C� L1
loc:

Using the method of generalised characteristics introduced by Dafermos [32, 33],
the attainable set is shown to be compact, the key argument being that the set of fluxes
fqðraÞ; ra 2 Cg is weakly compact in L1 (see Reference [34] for functional analysis in Lp spaces).

The compactness of the attainable set in turn yields the existence of a solution to the optimal
control problem

min
ra2C

FðSð:Þraðx1ÞÞ

for F : L1ð½0;T �Þ ! R a lower semicontinuous functional and C a set of admissible controls. We
use the semigroup notation Stra to designate the unique solution of the LWR PDE at time t (we
refer to the textbook [17] for more on semigroup theory).

In the case of traffic modelling on a highway, we wish to minimise the difference between the
average incoming time of cars at x ¼ x1 and at x ¼ x0 which can be written as

min
ra2C

Z T

0

tqðStraðx1ÞÞ dt�
Z T

0

tgðtÞ dt
� � Z T

0

gðtÞ dt
� ��1

where gðtÞ represents the number of cars entering the stretch of highway per unit of time. This
amounts to solving the equivalent problem:

min
ra2C

Z T

0

tqðStraðx1ÞÞ dt
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For this particular problem, we make the following additional assumptions:

* the net flux of cars entering the highway is equal to the total number of cars arriving at the
entry: Z T

0

qðraðsÞÞ ds ¼
Z T

0

gðsÞ ds

* for every time t > 0 the total number of cars which have entered the highway is smaller than
or equal to the total number of cars that have arrived at the entry from time 0 to t:Z t

0

qðraðsÞÞ ds4
Z t

0

gðsÞ ds

* the number of cars entering the highway is at most equal to the maximum density of cars
on the highway:

raðtÞ 2 ½0;rm�

* after a given time T no cars enter the highway:

raðtÞ ¼ 0 for t > T

The map F : r!
R T
0 tqðrðtÞÞ dt is obviously a continuous functional on L1

locð½0;T �Þ; hence the
existence of a solution of an optimal control ra:

Furthermore, a comparison principle for solutions of scalar nonlinear conservation laws with
boundary conditions established by Terracina in Reference [35] will allow us to find an explicit
expression of the optimal control. Indeed if rðx; tÞ is a weak solution of the LWR PDE,
uðx; tÞ ¼ �

Rþ1
x rðy; tÞ dy is the viscosity solution [36] of the Hamilton–Jacobi equation

@u

@t
þ q

@u

@x

� �
¼ qð0Þ

Since viscosity solutions verify a comparison property [37], so will the solution of the LWR
PDE.

Using the assumption made earlier that the net flux of cars entering the highway is equal to
the total number of cars arriving at the entry, and sinceZ T

0

tqðStraðx1ÞÞ dt ¼ T

Z T

0

qðStraðx1ÞÞ dt�
Z T

0

Z t

0

qðSsraðx1ÞÞ ds dt

the boundary control problem can be rewritten as

max
ra2C

Z T

0

Z t

0

qðSsraðx1ÞÞ ds dt

As we can assume that the boundary data is always incoming, the comparison principle shows
that the optimal control *r should verify:Z t

0

qð *rðsÞÞ ds5
Z t

0

qðraðsÞÞ ds for t > 0 and ra 2 C

WEAK FORMULATION OF BOUNDARY CONDITIONS FOR SCALAR CONSERVATION LAWS 745

Copyright # 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2006; 16:733–748

DOI: 10.1002/rnc



Eventually we obtain the following expression of the optimal control *r:

*rðtÞ ¼
q�1ðrmÞ if gðtÞ4qðrmÞ and

R t
0 qð *rðsÞÞ ds5

R t
0 gðsÞ ds or gðtÞ > qðrmÞ

q�1ðgðtÞÞ if gðtÞ4qðrmÞ and
R t
0
qð *rðsÞÞ ds ¼

R t
0
gðsÞ ds

(

7. CONCLUSION

We have proved the existence and uniqueness of a weak solution to a scalar conservation law on
a bounded domain. The proof relies on the weak formulation of the boundary conditions which
is necessary for the problem to be well posed. For strictly concave flux functions, the simplified
expression of the weak formulation of the boundary conditions was written explicitly. The
corresponding Godunov scheme was developed and applied on a highway traffic flow
application, using Berkeley Highway Laboratory data for Highway Interstate-80. The
numerical scheme and the parameters identified for this highway were validated experimentally
against measured data. Finally, the existence of a minimiser of travel time was obtained, with
corresponding optimal boundary control.

This article should be viewed as a first step towards building sound metering control strategies
for highway networks: it defines the mathematical solution, and appropriate boundary
conditions to apply in order to pose and solve the optimal control problem properly. Not using
the framework developed here while computing numerical solutions of the LWR PDE would
lead to ill-posed problems and therefore the data obtained through a numerical scheme would
be meaningless.

Our result is crucial for highway performance optimisation, since by nature, in most
highways, traffic flow control is achieved by on-ramp metering, i.e. boundary control. However,
results are still lacking in order to generalise our approach to a real highway network. For such
a network, PDEs are coupled through boundary conditions, which makes the problem harder to
pose. Furthermore, optimisation problems arising in transportation networks often cannot be
solved as the problem derived in the last section of this article. In fact, several approaches have
to rely on the computation of the gradient of the optimisation functional, which for example
could be achieved using adjoint-based techniques. Obtaining the proper formulation of the
adjoint problem, and the corresponding proofs of existence and uniqueness of the resulting
solutions represents a challenge for which the present result is a building block.
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