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Discretization, time and space wise, of a system

WHAT IS A CELLULAR AUTOMATON?

(i,j)

t=t+dt

At each time step,through a time-evolution rule the 

next state of a cell is determined by:

- Its present state

- The states of its local neighbors



Determine Cellular Automata for selected PDEs

OBJECTIVE & MOTIVATION

The Heat equation
Burger’s equation

1. Finite Difference

2. UltraDiscretization

The Heat equation

1. Finite Difference

2. UltraDiscretization

COLE-HOPF

TRANSFORMATION

CAs have the benefit of:

- Using very simple mathematical rules

- Complex results can be easily simulated

- Change the perspective of the model to a local view

Convert to binary

state



STEVEN WOLFRAM CAS

He found 255 rules!!!

Wolfram researched cellular automata models for 

several decades and has linked cellular automata

with differential equations (New Kind of Science) 



JOHN CONWAY’S GAME OF LIFE

CONWAY’S GENETIC LAWS

Each cell has 8 neighboring

cells:

- 4 orthogonally

- 4 diagonally

SURVIVAL
counter w/2-3 

neighbors

BIRTH
empty cell

w/3 
neighbors

DEATH
counter w/4+ 

or 1-
neighbors

Possible situations at the end of the «life history»:

- The society reaches a steady-state

- The society dies out

- The society oscillates forever



𝑻𝒕 = 𝒌 𝑻𝒙𝒙 + 𝑻𝒚𝒚

THE 2D HEAT EQUATION:

NUMERICS

FINITE DIFFERENCE

𝑻𝒊,𝒋
𝒕+𝟏 − 𝑻𝒊,𝒋

𝒕

∆𝒕
= 𝜿

𝑻𝒊−𝟏,𝒋
𝒕 − 𝟐𝑻𝒊,𝒋

𝒕 + 𝑻𝒊+𝟏,𝒋
𝒕

∆𝒙 𝟐 +
𝑻𝒊,𝒋−𝟏

𝒕 − 𝟐𝑻𝒊,𝒋
𝒕 + 𝑻𝒊,𝒋+𝟏

𝒕

∆𝒚 𝟐

∆𝑥 = ∆𝑦 = ∆𝑡

𝑻𝒊,𝒋
𝒕+𝟏 =

𝑻𝒊−𝟏,𝒋
𝒕 + 𝑻𝒊,𝒋−𝟏

𝒕 + 𝑴 − 𝟒 𝑻𝒊,𝒋
𝒕 + 𝑻𝒊+𝟏,𝒋

𝒕 + 𝑻𝒊,𝒋+𝟏
𝒕

𝑴

Stability condition:

𝑴 ≥ 𝟒

Implementation in MATLAB



THE 2D HEAT EQUATION:

IMPLEMENTATION & SIMULATION

GOAL : Represent the PDE in terms of a game

HOW:   

1. 1) Dicretize in time and space

2. 2) Set the ICs and BCs

3. 3) Set the binary life/death rules

ATTEMPTS:

Middle Source 

Multiple sources

Life/death rules 1

Life/death rules 2



THE 2D HEAT EQUATION:

ISSUES 

HOW IS IT POSSIBLE TO EXTRACT A RULE?!?

It is really hard to extract game-rules from 
continuous values

HEAT EQUATION

BURGER’S EQUATION

COLE-HOPF

TRANSFORMATION



FROM HEAT TO BURGER’S EQUATION 

WITH ULTRA-DISCRETIZATION

𝒈𝒕 = 𝒈𝒙𝒙

𝒖𝒋

𝒏+𝟏
= 𝒖𝒋

𝒏
+

𝟏

∆𝒙
𝒍𝒐𝒈 𝒆−∆𝒙𝒖𝒋

𝒏

+ 𝒆−∆𝒙𝒖𝒋+𝟏

𝒏

− 𝒍𝒐𝒈 𝒆−∆𝒙𝒖𝒋−𝟏

𝒏

+ 𝒆−∆𝒙𝒖𝒋

𝒏

It’s a most efficient way to discretize from 0/1 to 0/1

COLE-HOPF TRANS.

𝒗𝒕 = 𝟐𝒗𝒗𝒙 + 𝒗𝒙𝒙𝑣 = (log𝑔)𝑥

𝒇𝒏+𝟏
𝒋
=

𝟏

𝟐
(𝒇𝒏

𝒋+𝟏
+ 𝒇𝒏

𝒋−𝟏
)

𝒖𝒋

𝒏+𝟏

= 𝒖𝒋

𝒏

+
𝟏

∆𝒙
 𝒍𝒐𝒈 𝒆−∆𝒙𝒖𝒋

𝒏

+ 𝒆−∆𝒙𝒖𝒋+𝟏

𝒏

UD 

COLE-HOPF

𝒖𝒋

𝒏
=

𝟏

∆𝒙
𝒍𝒐𝒈𝒇𝒋+𝟏

𝒏 − 𝒍𝒐𝒈𝒇𝒋
𝒏

𝑭𝒏+𝟏
𝒋 = 𝒎𝒂𝒙 (𝑭𝒏

𝒋+𝟏 , 𝑭𝒏
𝒋−𝟏) 𝑼𝒋

𝒏+𝟏

= 𝑼𝒋

𝒏
+ 𝒎𝒊𝒏 𝑼𝒋−𝟏

𝒏
, 𝟏 − 𝑼𝒋

𝒏
− 𝒎𝒊𝒏(𝑼𝒋

𝒏
, 𝟏

− 𝑼𝒋+𝟏

𝒏

𝑓𝑗
𝑛 = exp

𝐹𝑗
𝑛

𝜀

∆𝑥𝑢𝑗
𝑛 = (𝑈𝑗

𝑛
−

1
2
)/𝜀

𝑼𝒏
𝒋 = 𝑭𝒏

𝒋+𝟏 − 𝑭𝒏
𝒋 − 𝟏/𝟐

DIFFERENCE 

COLE-HOPF

lim ε 0+



1D BURGER’S EQUATION AS A CA

Assuming initial U’s are all 0 or 1, we can easily show U’s at

any time also become 0 or 1

The Burger’s equation is a cellular automaton (CA) which

follows the time evolution rule: 

𝑈𝑗−1
𝑛𝑈𝑗

𝑛𝑈𝑗+1
𝑛

𝑈𝑗
𝑛+1 =

𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑠𝑡𝑎𝑡𝑒

𝑛𝑒𝑤 𝑠𝑡𝑎𝑡𝑒 𝑓𝑜𝑟 𝑐𝑒𝑛𝑡𝑒𝑟 𝑐𝑒𝑙𝑙
:

000

0

001

0

010

0

011

1

100

1

101

1

110

0

111

1



STEVEN WOLFRAM: RULE 184



CORRELATION TO TRAFFIC FLOW



CONCLUSIONS & FURTHER WORK

Transforming continuous-valued PDEs to CAs is not an easy task 

Through the UD method, it was easy to convert Burger’s

equation into a rule-based CA

Rule 184 has a correspondance to the real world

FURTHER WORK:

1. Investigate different ICs and BCs in order to obtain

traffic-flow situations

2. Try to extend the 1D-Burgers’ equation to 2D



THANKS FOR YOUR ATTENTION 


