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Abstract— This article proposes a new capture basin al-
gorithm for computing the numerical solution of a class of
Hamilton-Jacobi-Bellman (HJB) partial differential equations
(PDEs), based on a Lax-Hopf formula. The capture basin
algorithm is derived and implemented to perform numerical
computations of constrained solutions. The rate of convergence
of this first order algorithm is assessed experimentally using
an analytical benchmark problem. Finally, its performance is
measured with highway data obtained for interstate I80 in
California.

I. INTRODUCTION

Background, motivation. This work is motivated by
the Lighthill-Whitham-Richards (LWR) partial differential
equation (PDE), which was historically introduced [20], [24]
to model the evolution of vehicle density on highways. It
is a first order conservation law with concave flux function
(usually referred to as fundamental diagram [17], [16]).
One difficulty which arises in dealing with the LWR PDE
(and to a certain extent with its discretizations such as
Godunov schemes [26] or the Daganzo Cell Transmission
Model [16]) is the irregularity of its solution, which can
exhibit discontinuities (shocks) [23].
The Moskowitz equation. In order to alleviate these
difficulties, one can use an alternate formulation, identified
by Daganzo as the Moskowitz function [17]. This function
provides an alternate formulation to the classical solution of
the LWR PDE: it numbers vehicles as they pass a reference
point and it describes the evolution of this number over
time and space. Daganzo defines the Moskowitz surface
as the graph of this function in the (x, t) space. With a
sign change, it can be shown that the Moskowitz surface
is actually the graph of the solution of a Hamilton-Jacobi-
Bellman (HJB) PDE, the solution of which also represents
the cumulated vehicle count between any two points on the
highway [22], [17], [26]. The benefit of this formulation is
that it transforms the shocks observed in the solutions of the
LWR PDE into kinks (non differentiability) in the solution
of the corresponding HJB PDE, which are much easier to
deal with theoretically and numerically.
HJB PDEs with concave Hamiltonians. In the present
work, we investigate a class of HJB PDEs with concave
Hamiltonians, such as the ones encountered in highway
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traffic. Inspired by the terminology of Daganzo, we refer to
the corresponding HJB PDE as the Moskowtiz PDE, and the
graph of the corresponding solution the Moskowitz surface.
We recognize that our definition flips x into −x w.r.t. the
definition of Daganzo, but since these two definitions are
strictly equivalent, we use the same terminology to refer to
both of them.
All our results are presented in the context of highways for
illustration purposes, but we want to stress out that our results
are very general, and will in fact apply to any HJB PDE
with Hamiltonians satisfying the requirements outlined in
this article, and thus apply to several other fields such as
finance [5], [4]. We base our study on viability theory [1],
which serves as a mathematical framework to mathematically
characterize the proper (viscosity [15], [14] or in this case,
Barron-Jensen / Frankowska [7], [18]) solution of the HJB
PDE. Existence and uniqueness results for a generalized
solution with additional equality constraints are available
in [3] to which we refer the reader for the proofs of the
results presented in this article.
Contributions of the article. The first main contribution
of the article (Section II) is the derivation of properties of
this class of solutions of HJB PDEs from the properties of
capture basins, for which a full length proof is available
in [3]. In the present case, with Dirichlet conditions, a Lax-
Hopf formula is fully developed in [3] and enables a full
characterization of the solution provided by the formulation
(10) (Section II-C). For this, several key contributions are
needed with the flux function (Hamiltonian), outlined in
Section II-B, also available in [3]. The use of the Saint-
Pierre viability algorithm to compute and analyze the solu-
tions of the Moskowitz equation is the second contribution
of this article. Additionally to the first order convergence
rate of the algorithm, we provide experimental evidence of
the convergence on a benchmark example which can be
solved analytically. We further investigate the influence of
both discretization parameters on the error of the numerical
computation. We then present some useful control policies
based on the upper viability constraints. Finally, Section V
presents an implementation of the algorithm on Interstate I80
in California, using PeMS data.

The contributions of this article are in the field of set-
valued numerical analysis.

1) It shows the implementation of an improved version
of the viability algorithm to a specific problem.

2) It provides experimental evidence of numerical evi-
dence, which is rare in the viability literature.

3) It is the first application of viability theory to real
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traffic data.

II. HAMILTON-JACOBI FORMULATION OF THE
MOSKOWITZ PROBLEM

A. Statement of the problem

The physics of highway traffic flow exhibit two distinct
modes to model the evolution of cars on the highway: a
free flow mode and a congested mode [20], [24], [21], [26],
[16], [17]. This fact is usually encoded in a fundamental
diagram [16], which models the flux of cars ψ(·) [in vehicles
per unit time], as a function of the local density of cars
ρ [in vehicles per unit length]. This empirically measured
phenomenological law is usually taken to be concave, with
a global maximum. For lower values of density, the highway
is said to be uncongested (free flow mode), and for higher
values it is said to be congested (congested mode). The
simplest model to encode this is the trapezoidal (or in specific
cases triangular) fundamental diagram:
Example — Trapezoidal flux function [16]. One of the
simplest fundamental diagram models is the trapezoidal
model:

ψ(ρ) =

 ν[ρ if ρ ≤ γ[

δ if ρ ∈ [γ[, γ]]
ν](ω − ρ) if ρ ≥ γ]

(1)

where ω is the jam density, δ ≤ ων[ν]

ν[+ν] is the maximal flux

and γ[ := δ
ν[ and γ] := ν]ω−δ

ν] the lower and upper
critical densities. When γ[ = γ], the model is triangular, as
used in the Daganzo cell transmission model [16]. �
Example — Greenshields flux function [19]. Another pos-
sible fit for the flux function ψ(·) is called the Greenshields
flux function and is given by:

ψ(ρ) =

 νρ if ρ ≤ 0
ν
ωρ(ω − ρ) if ρ ∈ [0, ω]
ν(ω − ρ) if ρ ≥ ω

(2)

where ν is the free flow velocity. �
The Moskowitz function. The slope of ψ determines the
modes in which the system is locally in (congested or free
flow), which in the triangular case leads to a forward or
backward propagating wave.

In order to alleviate the technical difficulties resulting from
shocks present in solution of the LWR PDE, an alternate
formulation consists in considering the cumulated number
of vehicles, widely used in the transportation literature as
well [22]. The cumulative number of vehicles can be thought
of as a primitive of the density over space. Setting X := R
and K := [ξ,+∞[, ψ a concave flux function vanishing at
density 0 and at a jam density ω > 0, the function

N(t, x) :=
∫ x

ξ

ρ(t, u)du

is the cumulated number of vehicles at time t and at location
x ∈ K. It satisfies by construction the Dirichlet condition
∀ t ≥ 0, N(t, ξ) = 0. It is linked to the Moskowitz
function by a x → −x variable change and a vertical shift
(see Daganzo [17]). Formally, the evolution of the cumulated

number N(t, x) of vehicles is the solution of an Hamilton-
Jacobi-Bellman (HJB) PDE of the form:

∂N(t, x)
∂t

+ ψ

(
∂N(t, x)
∂x

)
= ψ(v(t)) (3)

where the flux function ψ appearing in this HJB PDE is the
empirically measured flux function of the LWR PDE [20],
[24], [6], [26] (for example the two functions ψ presented
before). The function v(·) will be regarded as a control of
the HJB PDE in forthcoming studies. It could for example
model the inflow of vehicles at the entrance of a stretch
of highway. It is considered as a given datum (controllable
though) in this paper. The solution of this HJB PDE is
upper semicontinuous and is not necessarily differentiable.
Actually, the non differentiability of the cumulated number
of vehicles is closely related to the presence of the shocks
of the solution to the LWR PDE [11], [12], [13].
Assumptions. We posit the following assumptions

1) A concave function ψ : X 7→ R on [0, ω], which
vanishes at 0 and ω, equal to ψ′(0)v for v ≤ 0 and
ψ′(ω)(ω − v) for v ≥ ω.

2) A bounded continuous function v : R+ 7→ Dom(ψ),
3) An upper semicontinuous initial datum N0 : X 7→ R+.

We set N0(0, x) := N0(x) and N0(t, x) := −∞ if
t > 0.

4) A Lipschitz function b : R+×X 7→ R∪{−∞} setting
the upper constraint.

Problem statement. Under the above mentioned assump-
tions, that are assumed all along this paper, we shall solve the
existence of a solution to the non-homogenous HJB PDE:

∀ t > 0, x ∈ Int(K),
∂N(t, x)

∂t
+ ψ

(
∂N(t, x)

∂x

)
= ψ(v(t)) (4)

satisfying the initial and Dirichlet conditions{
(i) ∀ x ∈ K, N(0, x) = N0(x) (initial condition)
(ii) ∀ t ≥ 0, N(t, ξ) = 0 (Dirichlet boundary condition)

(5)
and the user defined viability constraints

∀ t ≥ 0, x ∈ K, N(t, x) ≤ b(t, x) (6)

(upper inequality constraint)

B. Flux functions

The assumption that the flux function ψ is concave and
upper semicontinuous plays a crucial role for defining the
viability hyposolution. Indeed, since ψ is concave, the func-
tion ϕ(p) := −ψ(p) is convex and its Fenchel transform is
defined by:

ϕ∗(u) := sup
p∈Dom(ϕ)

[p·u−ϕ(p)] = sup
p∈Dom(ψ)

[p·u+ψ(p)]

(7)
Recall that the fundamental theorem of convex analysis states
that ϕ = ϕ∗∗ if and only if ϕ is convex, lower semicontinu-
ous, and non trivial (i.e. Dom(ϕ) := {p | ϕ(p) < +∞} 6=
∅). Therefore we can recover the function ψ from ϕ∗ by

ψ(p) := inf
u∈Dom(ϕ∗)

[ϕ∗(u)− p · u] (8)
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Let us consider a concave flux function ψ0 defined on a
neighborhood of the interval [0, ω] and satisfying

ψ(0) = ψ(ω) = 0

We assume for simplicity that ψ is differentiable at 0 and
ω, and we set ν[ = ψ′(0) ≥ 0 and ν] = −ψ′(ω) ≥ 0 We
associate with it the continuous concave function ψ defined
by

ψ(p) =

 ν[p if p ≤ 0
ψ0(p) if p ∈ [0, ω]
ν](ω − p) if p ≥ ω

Then the Fenchel transform ϕ∗ satisfies

ϕ∗(u) =
{
ϕ∗(u) if u ∈ [−ν[,+ν]] Dom(φ∗)
+∞ if u /∈ [−ν[,+ν]] Dom(φ∗)

and is bounded above.
Example — trapezoidal flux function — For this function,
the Fenchel transform is equal to

ϕ∗(u) =


δ
ν[u+ δ if u ∈ [−ν[, 0]

(ων] − δ)
ν]

u+ δ if u ∈ [0,+ν]]

+∞ if u /∈ [−ν[,+ν]]

It is piecewise affine (affine on [−ν[, 0] and [0,+ν]]) and
satisfies ϕ∗(0) = δ. The superdifferential ∂+ψ(p) is equal to

∂+ψ(p) =

 ν[ if p ≤ γ[

0 if p ∈ [γ[, γ]]
−ν] if p ≥ γ]

and thus, piecewise constant. �
Example — Greenshields flux function — From (2), the
Greenshields function is given by: ψ0(p) := ν

ωp(ω − p).
Hence, its Fenchel transform ϕ∗ is equal to

ϕ∗(u) =
{

ω
4ν (u+ ν)2 if u ∈ [−ν,+ν]

+∞ if u /∈ [−ν,+ν]

The maximum flux is equal to ϕ∗(0) = ων
4 . �

C. Viability hyposolution of the HJB equation

We define a target C := Hyp(c) as the subset of triples
(T, x, y) ⊂ R+×X×R such that y ≤ c(T, x) (which is the
hypograph of the function c), where the function c(t, x) is
defined (here) by:

c(t, x) :=

 −∞ if t > 0 and x > ξ
N0(x) if t = 0 and x ≥ ξ
0 if t ≥ 0 and x = ξ

The environment K := Hyp(b) is the subset of triples
(T, x, y) ⊂ R+ ×X × R such that y ≤ b(T, x), which is a
user-defined function (this is the hypograph of the function
b). We define the auxiliary control system (F ): τ ′(t) = −1

x′(t) = u(t) u(t) ∈ Dom(ϕ∗)
y′(t) = ϕ∗(u(t))− ψ(v(τ(t)))

(9)
where ϕ∗ is the Fenchel conjugate function of ψ, as
defined previously. To be rigorous, we have to mention

once and for all that the controls u(·) are measurable
integrable functions with values in Dom(ϕ∗), and thus,
ranging L1(0,∞; Dom(ϕ∗)), and that the above system of
differential equations is valid for almost all t ≥ 0.
The Viability Hyposolution. The capture basin
Capt(F )(K, C) of a target C viable in the environment K
under the control system (F ) is the subset of initial states
(t, x, y) such that there exists a measurable control u(·) such
that the associated solution

s 7→
(
t− s, x+

∫ s

0
u(τ)dτ, y +

∫ s

0
(ϕ∗(u(τ))− ψ(v(t− τ)))dτ

)
to the system (F ) is viable in K = Hyp(b) until it reaches
the target C = Hyp(c). The viability hyposolution N is
defined by

N(t, x) := sup
(t,x,y)∈Capt(F )(K,C)

y (10)

Our main contribution in this article states that the hypograph
of the Moskowitz solution is the capture basin of the target
C viable in the environment K under the auxiliary system (F).

Non-homogenous Dirichlet/Initial value Problem
with inequality contraints. The viability hyposolution N
defined by (10) is the largest upper semicontinuous solution
to HJB PDE(4) satisfying initial and Dirichlet conditions (5)
and inequality constraints (6). If the functions ψ, ϕ∗ and v are
furthermore Lipschitz, then the viability hyposolution N is
its unique upper semicontinuous solution in both the contin-
gent Frankowska sense and in the Barron-Jensen/Frankowska
sense. The proof of this theorem is available in [3], as well
as the precise definitions of the corresponding hyposolutions
in the sense of Barron, Jensen and Frankowska.

III. VIABILITY ALGORITHM FOR THE MOSKOWITZ PDE

The capture basin algorithm for the Moskowitz
PDE. The second major contribution of this article is the
formulation of the Saint-Pierre capture basin algorithm for
the Moskowitz PDE. The precise description of the algorithm
and its implementation is outside the scope of this conference
article. We use this algorithm to solve the Moskowitz PDE
with and without constraints.
The Saint-Pierre algorithm is adapted to the case in which the
target C and the environment K are hypographs, which allows
us to take some specificities of the problem into account.
It differs from a finite difference scheme [26] because of
the use of the Fenchel transform ϕ∗ instead of the function
ψ. Above all, it includes the possibility of constraints on
the solution with the function b(t, x), which, to our best
knowledge, standard HJB algorithms do not provide. Some
examples of constrained solutions are depicted in section IV.
These examples clearly show that the constrained solution
is not the supremum of the the constraint b(t, x) and the
unconstrained solution.

Illustration of the convergence properties of the
algorithm. A theoretical first order convergence rate of the
Saint-Pierre algorithm is established in [10] for the numerical
computation of value functions; in [10] the proper notion
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of convergence (also valid for the present algorithm) is
hypographical convergence. Typically, a convergence rate
α of the Saint-Pierre algorithm means that the error is
proportional to hα, where h is the space discretization
step. Even though the convergence of the present algorithm
can be established theoretically based on [10] (see [5], [4]
for similar applications in finance), it is useful to assess
how fast this convergence happens in practice. For this,
we use the benchmark example previously used for the
LWR PDE in [8], adapted by integration for the Moskowitz
PDE. The benchmark example is a full analytical solution
of the LWR PDE, including multiple shocks and expansion
waves, obtained with the method of characteristics. The
corresponding analytical solution of the Moskowitz PDE (3)
can be obtained by integration over space. The parameters
used in this study are ν = 1 and ω = 4 for a Greenshields
flux function (see [8], [3] for more details). The L1 and
L2 relative errors are computed by comparison between the
analytical expression of N(t, x) for the benchmark example
and the numerical computation of the solution returned by
the viability algorithm:

ErrorLn
:=

(∑
(th,xh)∈grid |Nh(th, xh)−N(th, xh)|n∑

(th,xh)∈grid |N(th, xh)|n

) 1
n

for n = 1, 2. In this formula, Ntotal is the total number of
points (th, xh) on the computational grid, Nh the numerical
result, and N the analytical result to be used for the com-
parison. The error plots are depicted in Figure 1 for both
norms which shows empirical evidence of the first order
convergence rate in the L1 and L2 sense. A least square
fit provides the following convergence rates: α = −1.15 and
α = −1.07 for L1 and L2 respectively.

Fig. 1. Evolution of L1 (left) and L2 (right) relative errors on N(t, x)
versus Ngridx

The continuous lines indicate the best power fit of L1 and
L2.

Influence of the choice of the discretization param-
eters. Finite difference methods require the discretization
parameters to satisfy a Courant-Friedrichs-Levy (CFL) con-
dition [8], [26] in order to obtain convergence. In the same
way, viability schemes require a similar condition (see [25],
[9] for example). The convergence rate of our algorithm is
assessed numerically as a function of the respective values
of our discretization parameters Ngridt

and Ngridx
in the x

and t variables. As can be seen in Figure 2, the lowest
possible error (dark gray areas) is obtained when Ngridt

→ 0.
Nevertheless, the convergence condition for the algorithm
does not imply that using a larger ∆t provides a better
accuracy for a lower computational cost. Since the number

Fig. 2. Evolution of the L1 relative error of N(t, x) versus Ngridt
and

Ngridx
.

of iterations of the algorithm is proportional to ∆t, the
viability algorithm requires the same amount of computations
whatever the value of ∆t is. Lines of equal computational
cost (thin lines) are also shown as well as the direction of
higher computation cost (arrow). We also plotted in Figure
2 the CFL condition (ν]+ν[) ·∆t = ∆x (dashed thick line)
used in the framework of the Godunov numerical scheme [8],
[26], for comparison purposes.

Formal links with the LWR PDE. Finally, the algorithm
can also be used to compute the density ρ(t, x) from the
cumulated count N(t, x). Note that alternate viability al-
gorithms have also been developed to compute this density
directly, for example [2].
When the flux function is differentiable on [0, ω], we can
compute the density ρ(t, x) using the following property:

uopt(t, x) ∈ −∂+ψ(ρ(t, x)) = −
(
∂ψ(a)
∂a

)
a=ρ(t,x)

uopt(t, x) corresponds to the value of the pseudo control
u at position x and time t which maximizes ϕ∗(u(t)) −
ψ(v(τ(t))). Hence, using elements of convex analysis, we
obtain:

ρ(t, x) =
(
∂ϕ∗(u)
∂u

)
u=uopt(t,x)

Using the Greenshields Flux Function, which is differ-
entiable on [0, ω], we plot the density profile associated to
N(t, x) in Figure 3.

Fig. 3. Density derived from the optimal values of the pseudo-control, using
the Greenshields Flux Function. Left: Computation of the density. Right:
Difference between the numerically derived density and the analytically
computed density.

Using the trapezoidal flux function, which is not
differentiable in both γ[ and γ], we can only obtain
ρ(t, x) ∈ ∂+ϕ

∗(uopt(t, x)). This formula enables us to
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Fig. 4. Evolution of L1 and L2 relative errors on density versus Ngridx

Fig. 5. Constrained solution to the benchmark example extracted from
[8]. The affine function (decreasing with time) constraining the solution is
shown (thin line) as well as the constrained solution (thick line).

obtain a set valued map containing the graph of ρ(t, x), but
not the graph of ρ(t, x) itself.

However, since ρ(t, x) = ∂N(t,x)
∂x , we can also compute

ρ(t, x) using the following finite difference scheme:

ρ(t, x) =
N(t, x+ ∆x)−N(t, x)

∆x
Even though numerical differentiation with finite difference
schemes in general provides poor results, the results obtained
with this scheme are strikingly good. Figure 4 summarizes
the evolution of the L1 and L2 errors on density versus
Ngridx

, for a constant ∆t (thus constant Ngridt
).

IV. CONSTRAINED SOLUTIONS TO THE HJB EQUATION

Viability theory enables us to set upper constraints on
the solution to the HJB equation. Note that there is a
unique solution to the HJB equation with constraints, and
this solution does not follow the HJB equation in (t, x) if
N(t, x) = b(t, x). We can also set on the viability solu-
tion any upper constraint b(t, x) satisfying the consistency
conditions exposed in [3].

Figure 5 displays the constrained solution associated to the
benchmark example from [8]. The upper constraint function
b(t, x) is affine (w.r.t. to position) and decreasing with time,
in order to constrain the average density between the last
vehicle and any vehicle to a given upper limit ρ. This
constraint can be regarded as a control of the traffic flow.

An alternate way to visualize the effects of the constraints
on the solution is to compute the vehicles trajectories. Since
v(·) = 0, the trajectory of vehicle number N is solution
to the equation N(t, x) = N . The trajectories of vehicles
number 10 (bottom), 20, 30, 40, 50 and 60 (top) are shown
in both cases (constrained and unconstrained) in Figure 6.

Fig. 6. The dotted lines correspond to the trajectories associated to the
constrained solution (shown in Figure 5). For comparison purposes, we also
plotted the unconstrained trajectories of the same vehicles (squares) .

Fig. 7. Left: Flow-time curves. The (actual) measured inflow on the
boundary x = ξ is represented by the dashed curve. The continuous
curve shows the simulated inflow through boundary x = ξ, taking into
account the highway capacity. The number of corresponding (remaining)
vehicles stored at the x = ξ boundary is shown on the dash dotted curve.
Right: Comparison between experimental values and simulated values for
the cumulated vehicle number N(t, ξ + L) between ξ and L.

V. IMPLEMENTATION ON I80 USING PEMS DATA

We use the same experimental set up as in earlier
work [26] to assess the performance of the algorithm with
highway traffic data: we use three loop detectors in Interstate
I80 at Emeryville (see [26] for a map of the area). As usual
when dealing with inflow and outflow conditions in the
presence of weak boundary conditions, we prescribe inflows
and outflows only when the characteristics of the system
enter the computational domain [6], [26]. We simulate a
portion of the highway between two inductive loop detectors
on Interstate I80. When the measured inflow (upstream)
exceeds the modeled highway capacity (because of noise
in the measurements or model inaccuracy), we “store” the
corresponding vehicles at x = ξ until they can be released
into the highway. The resulting curves are shown in Figure 7
(left): the cutoff happens at ψ(v(t)) = δ above which the
vehicles have to be stored until the highway capacity allows
them to enter at x = ξ.

In this figure, as well as in the subsequent ones, all
numbers of vehicles are per lane. All times are given in 30 s.
increments. The corresponding number of “stored” vehicles
is shown in the same subfigure, and the corresponding
N(ξ+L, t) curves are shown in the right subfigures, where L
represents the length of the corresponding highway stretch.
The evolution N(ξ + L, t) thus represents the evolution of
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the cumulated number of vehicles between ξ and ξ + L as
a function of time. Both simulated and measured curves are
represented on this plot and show remarkable agreement. The
differences between simulation and theory are mainly linked
with uncertainties on the numerical values of the parameters
of the model.

Fig. 8. Evolution of the simulated results for a small variation of
δ. The left subplot represents the simulated cumulated number of vehicles
when considering δ = 12.5 (dashed) and δ = 13 (dash dotted). The actual
values are represented by the continuous curve. The right subplots shows the
evolution total number of vehicles stored at the x = ξ boundary considering
δ = 12.5 (continuous) and δ = 13 (dashed).

Figure 8 shows that a small modification of the parameter
δ (representing the capacity of the freeway in the model)
can lead to considerable variations of the solution. In this
figure, a bottleneck appears for t ≥ 1400 if we set δ = 12.5,
whereas the freeway remains in free-flow mode until t =
1650 if we set δ = 13. The left subplot in Figure 8 represents
the number of vehicles stored at the x = ξ boundary, for
δ = 12.5 and δ = 13. If we chose δ = 12.5, vehicles are
stockpiled at the x = ξ boundary when t ≥ 1400 because the
lack of capacity triggers a congestion which lowers again the
remaining capacity of the freeway. This congestion does not
appear if we slightly increase δ to δ = 13, and the freeway
remains in free flow mode in this case (for 1400 ≥ t ≥
1650). This simulation shows us that the evolution of the
cumulated vehicle count on the highway is very sensitive to
the choice of δ: the traffic mode can switch easily between
the free-flow mode and the congested mode when the inflow
is close to δ.
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